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ABSTRACT
A theoretical model for the upwelling of homogeneous water 
over -a bottom profile is considered. The model consists of a north-south 
coastline in the southern hemisphere with a continental shelf and slope 
to the east. A wind stress is assumed to have acted on the surface 
for a sufficient length of time to produce steady-state motion.
The work of Garvine (1973) is extended by the introduction of a 
bottom profile whose shelf and continental slope regions have been 
joined at the shelf break. Scale analysis of the terms in the 
equations of motion enables the model to be considered in two main 
layers, a divergent surface Ekman layer and a subsurface return layer.
An assumption that the Ekman layer is always a small fraction of the 
total depth enables the Ekman layer to be deduced independently. A 
further adjustment layer is used to bring the vertical velocity to zero 
at the coast.
Upwelling motion is examined over a variety of bathymetric shapes.
A method for generating topographies whose shape varies in shelf width, 
shelf gradient, and gradient of the continental slope, is presented.
Details of the fluid motion in the Ekman, return and adjustment 
layers, are given for the case when bathymetry is absent. Introducing 
bathymetry in the model only effects the fluid motion in the return 
layer. The changes in the return layer which arise from variations 
in the shape of the bathymetry, are studied so as to determine the 
influences that the bathymetry has on the upwelling process.
The longshore motion in the return layer is found to be closely 
related to the size of the offshore pressure gradient. A longshore 
jet whose magnitude is influenced by the width of the shelf and the
steepness of the continental slope, is found in the vicinity of the shelf 
break.
The onshore motion in the return layer is characterised by 
an onshore jet which reaches a maximum around the shelf break region. The 
onshore transport above the continental slope is found to be affected 
by the gradient of the shelf and the gradient of the continental 
slope. Under certain conditions, an excessive onshore transport occurs, 
resulting in an offshore flow in the return layer. This offshore flow 
is responsible for the development of a circulation cell above the 
continental slope.
Maximum vertical velocities are found at the coast and also 
seaward of the shelf break close to the bottom. The vertical velocities 
are influenced by the presence of the circulation cell.
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Li______  INTRODUCTION
Upwelling refers to vertical motions in the ocean which 
result in an exchange of water between near surface and deeper 
waters. This dissertation is concerned with the effects that bottom 
topography have on wind induced coastal upwelling.
interest that has developed in the topic of upwelling over 
the last decade is due to the importance of upwelling in relation 
to the productivity of the upwelling region. As upwelling occurs, 
the ascending water brings to the surface, colder temperatures, 
less salinity, and dissolved nutrients such as phosphorus. The 
changes in temperature and salinity can be used as an indication that 
upwelling is taking place, while the replacement of depleted nutrients 
has a significant effect on the biotic activity of the surface water.
The work of Ekman (1905) "On the Influence of the Earths Rotation 
on Ocean-Currents", was the starting point'for the theory of upwelling. 
Ekman showed that due to the earth’s rotation and the vertical friction 
of the fluid, "the total momentum of the current generated by the wind 
is directed one right angle to the right of the wind itself". This 
result is true for the northern hemisphere, while in the southern -
hemisphere the net transport of water is to the left of the wind 
direction.
Using the results of Ekman*s work, Thorade (1909) provided the 
first theory of coastal upwelling. In the northern hemisphere, 
a northerly wind, blowing consistently parallel to a western coastline 
for a few weeks, can induce an offshore transport of surface water, 
necessitating a compensatory replacement of water from deeper layers.
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Thorade's theory explains why upwelling occurs off the coasts 
of Peru and Oregon in the summer. The trade winds which blow parallel 
to the abovementioned coastlines in summer, cause a transport of 
surface water away from the coast. The cold water moving from the 
lower depths to replace the top layer, is brought to the surface 
by the coastal barrier.
The equations of motion for a large body of water under the 
influence of the earth's rotation, are given by Sverdrup (1957):
where
3u 3u 3u 9u _ 1 9P
3t 9x 3y 9z p 3x V x
1.1
3v , 3v , 3v , 3v 
3t U3x V3y ^
1 3P — _ _
rr t---fu + FP 3y y
3w 3w 3w 3w 1 3P
3 T + U ai + V37 + W 3 l = “ p 3 i " 8 + FZ
x - axis is positive east,
y - axis is positive north, •
z - axis is positive upwards with the origin at the 
mean free surface of the sea,
u,v,w, are the velocity components in the x,y,z, directions
t is the time,
P is the pressure,
p is the density of the fluid,
f is the Coriolis parameter,
g is the acceleration of .gravity, .
F , F , F are the x,y,z, components of frictional force x y z
per unit mass.
The equation of continuity, also given by Sverdrup (1957), is written as 
9p 3 (pu) 9 (pv) 9 (pw) 1.2
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The following assumptions will apply to the upwelling models 
discussed in this dissertation:
i.
ii.
iii.
IV.
V.
VX.
V1X.
VX11,
all motions are small, and so, the non-linear (second 
order small) terms can be neglected,
a constant windstress of magnitude T0 , with x and y
components T and T is applied to the surface, x y *
at the sea surface the wind stress equals the shearing 
stress of the fluid,
horizontal and vertical mixing are sufficiently well 
represented by the Austausch coefficients A, and A 
respectively, v
the surface conditions, such as wind stress, have been 
applied for a sufficient period of time to allow a steady 
state condition to exist,
the horizontal velocity scales are much larger than the 
vertical velocity scales,
the fluid is assumed to be incompressible with a constant 
density p, ’
the pressure at the free surface is a constant .
In the major upwelling regions of the world, upwelling is induced 
by the trade winds which blow consistently and fairly uniformly 
through the spring and summer. Upwelling occurs for several months 
of the year, in which time a near steady state condition would be 
achieved. The assumptions of a constant wind stress and a steady state 
motion in the upwelling model are therefore not unreasonable.
The steady state condition (assumption (v)) infers that the
acceleration terms 9u 3v j)wat * at * at ’ all have the value zero.
In upwelling models which are time dependent, the vertical component 
of acceleration ^  is still neglected provided the depth of the fluid
is very much greater than the wavelength of the motion.
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Using assumption (i), the advective terms in the equations of
9umotion 1.1, which are of the form u ^  etc, can be neglected 
when'compared to the other terms. .
After introducing the Austausch coefficients into the friction
terms F , F , F , the equations of motion become: x y z
_ 1 3P , Ah,32u . 32uN Av 32u
_fv = 'p 3Î + T (7 T  +  ̂  7 a ?
fu "p 3y + p + 3y
h,32v . 32Vv v 32v 
t )  +  —p 3z‘ 1.3
o-4S- g + h ,32w 4- 4- f\2v -3 w
Scale analysis of the third equation of motion using assumption (vi), 
indicates that the friction terms are negligible compared to'the pressure 
term and acceleration of gravity (Sverdrup 1957). The third equation of 
motion reduces to: .
0 - 1 3P _ p 3z 1.4
indicating that a state of hydrostatic balance exists. Integrating 
equation 1.4 from the free surface to a point z below the surface, gives
P - P = pg(U - z)
CL
1.5
where n is the height of the free surface above the plane z = 0.
Substitution of 1.5 into the first two equations of motion yields,
= _ J r
®3x p 3x
11 ,T + 32u,
A r> 2
3^r) + —_v j^u p 3z‘
3U A h,32v
fu = _g37 + +
32
3yl)
A rv 2v 3"v 
P 3z2
1.6
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The continuity equation 1.2 is simplified
in which case p is a constant and is zero.- 9t
by using assumption (vii), 
The continuity equation
becomes ;
du j)v _§w
3x 3y 9z = 0. 1.7
An insight into the mechanism of upwelling is best achieved by 
studying the work done by Ekman (1905) . Ekman considered the simplest 
possible case of a wind driven ocean current. He used the assumptions 
(i) to (viii) together with the following:
(a) an ocean of constant depth and infinite horizontal extent 
was assumed,
(b) the sea surface was treated as a flat plane, and
(c) the effects of vertical friction only were considered.
Boundary conditions for Ekman*s model arise from the following 
conditions:
(a) the wind stress at the sea surface equals the shearing
stress, *
(b) the wind was directed along the y axis, and
(c) the velocities vanish in the depths of the ocean.
The equations of motion and boundary conditions used by Ekman 
are thus:
32v
1.8
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0 = v 3z z = 0
Ty = a  —v dz z = 0
1.9
u, v ** 0 as z ^ 00
• Th,e solutions to Ekman's equations 1.8 subject to boundary 
conditions 1.9 were:
u
v
T
_y e”az
/pfA 
T Vy -az— ■ • e
/pfAv
where a =
cos (—  - az)
. ,TT .s m ( —  - az)
1.10
Ekman defined the "Depth of Wind Current" as the depth at which 
u and v were directed opposite to the velocity at the surface. This 
depth is given by:
d = £a
and is of the order of 40 metres. The value of D is often assumed to 
be the depth of the mixed layer, beyond which the wind stress on the 
surface has little effect.
The mass transports in the offshore and longshore directions
can be calculated from equations 1.10.
, o ‘ T
M =X
M =y
pudz =
1.11
✓ 0
pvdz = 0
00
TOP VIE W
W1A/0
DEPTH
E  K M  A N  S P I R A L
Figure 1.1 Water movements in a wind generated current in the 
northern hemisphere.
Z
Figure 1.2 Circulation pattern for upwelling off the coast 
of California.
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From equations 1.10 it is seen that in the northern hemipshere 
in Ekman*s idealised ocean, the surface water at z = 0 moves at an 
angle of 45° to the right of the wind. As deeper layers are set in 
motion due to the effect of viscosity, they are deflected further to 
the right by the Coriolis effect to form what is known as the Ekman 
spiral.
Equation 1.11 shows that the mass transport in the x direction is 
proportional to the wind stress in the y-direction, indicating that the 
net water movement is in a direction of 90° to the right of the wind 
direction.
Figure 1.1 shows the relationship between the wind direction 
and the Ekman spiral as well as the direction of the mass transport 
which is termed the Ekman transport.
In the southern hemisphere the Coriolis parameter is negative, 
and the mass transport is directed 90° to the left of the wind direction. 
The equations arising from the situation When the Coriolis parameter 
is negative are dealt with in Chapter Two.
S/yerdrup (1938) used the equations of Ekman to formulate a model 
for upwelling off the coast of Southern California. Hydrographical 
surveys off the Californian coast in spring indicated that the 
surface water was transported away from the coast and replaced by 
subsurface water. This water movement appeared to be caused by a 
northerly wind which had blown consistently parallel to the coast.
Sverdrup*s model used the following assumptions!
(a) a long, straight coastline exists at x = 0,
(b) variations in the longshore direction are negligible.
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(c) the. wind stress Ty is applied parallel to the coast in 
a north-south direction, and
(d) the previous assumptions (i) to (viii).
The first three assumptions are designed to represent the conditions 
along the Californian coast, whereas assumptions (i) to (viii) are general 
assumptions which will be used throughout this dissertation.
Sverdrup claimed that at some distance x = -L from the coast, where 
the coastal boundary effects are negligible, conditions similar to those 
assumed by Ekman (1905) would exist and the transport away from the coast 
would be the Ekman transport
Mx
T
=  .f
With the assumption of negligible longshore variation, terms of the
form are neglected. The continuity equation 1.7 becomes:
3u _ 3w 
3x 3z 1.12
Sverdrup used the continuity equation to calculate the volume 
of water which would need to come from the lower depths to replace the 
surface water.
Integrating equation 1.12 with respect to x over (0, -L) with
u = 0  at x = 0 gives -L/
u(-L) = - 
oJ
3_w 
3 z dx .
The mass transport above a depth 
u(-L) with respect to z over (0, -D). 
gives Q _ L
pu(-L, z)dz = pw(x,
z = - D can be found by integrating 
With w = 0 at the surface, this
-D)dx .
-D o
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Assuming that z - —D is the "depth of wind current" described
by Ekman (1905), then -L
pw(x, -D)dx .
o '
The vertical velocity at depth z — —D indicates the amount of 
upwelling occurring. Therefore Sverdrup was able to conclude that the 
amount of water which had been brought up to the surface layer within 
a coastal strip —L^x^O was proportional to the longshore wind stress.
Figure 1.2 explains diagramatically how the Sverdrup model works.
The upwelling models used by Ekman and Sverdrup neglected the 
influence of horizontal friction. In Ekman*s model the fluid motion was 
looked upon as layers of water gliding one over the other. In the vicinity 
of the coastal boundary, this type of motion is not possible, and 
horizontal friction must play an important part in the fluid motion.
Hidaka (1954) developed a model for steady state upwelling in a 
homogeneous ocean using a wind stress which had both longshore and 
offshore components. Hidaka assumed a long straight coastline at x = 0.
As in Sverdrupfs model, all variations in the longshore direction were 
assumed negligible. However, unlike previous models, the horizontal 
friction terms were included in the equations. Also, the ocean 
surface was no longer considered to be a flat plane and so that term
was included in the equations of motion.
• *
The boundary conditions used were such that, horizontal 
velocities vanish a t ,
(1) x = 0,
(2) the bottom of the sea, and
(3) at points far out to sea.
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The wind stress components were assumed to be confined to a coastal
of width L, and within this belt, the wind stress at the surface 
was assumed to be equal to the shearing stress of the fluid.
The equations of motion and boundary conditions used by Hidaka were,
-fv = 9ri h  82u A v  32u 3x + ~  3 ?  + 7 3 ?
fu h 92y 92yp 9x2 p 9z2
TX z = 0
Ty = *
dv
9z z = 0
for 0 ̂  x ^ L
u
u
u
v = 0 at z = h (where h is the depth of the ocean) 
v = 0 at x = 0
_ In
V 3x 0 as
The boundary conditions applied at z = 0 and z = h arise as a 
result of vertical friction, whereas the boundary conditions at x = 0 
and as x approaches infinity arise from the inclusion of horizontal 
friction.
The continuity equation used by Hidaka was the two dimensional 
equation used by Sverdrup
9u _ 8w # 
dx dz
Hidaka used a Fourier transform to solve the equations of motion.
3nThe transform of the offshore pressure gradient, , was assumed 
to be y(X), where X was the transform variable. By integrating the
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transformed continuity equation with respect to z, Hidaka could evaluate y(A).
The inversions of the transformed variables were too complicated 
to evaluate analytically, and so numerical methods were used.
By including the horizontal friction terms in the equations of 
motion, Hidaka was able to obtain theoretical results which agreed 
fairly well with observed motion in upwelling regions. The influence 
of the coastal boundary on upwelling could only be studied by 
introducing the horizontal friction terms which enabled the boundary 
condition u = v = 0 at x = 0 to be satisfied.
Hidaka also found from his model, the existence of horizontal 
currents which ran parallel to the coast in the direction of the 
longshore wind stress. Such longshore currents have been observed 
in upwelling regions below the surface layer, and are usually cold 
currents. For example, the Californian Current is a cold sub-surface 
current off the coast of California.
Other forms of upwelling, besides coastal upwelling, are *
known to exist. For example, Yoshida and Mao (1957) showed that a 
non-vanishing curl of wind stress could cause sufficient divergence of the 
surface layer to initiate upwelling in the open ocean.
Stommel (1960), was the first person to put a theory of 
Equatorial upwelling into mathematical form. Stommel showed that the 
change in direction of the Coriolis effect at the equator, was the 
primary cause of equatorial upwelling. The westward flowing, wind 
driven surface currents near the equator, are deflected northward 
on the north side of the equator, and southward on the south side.
The surface water moving away from the equator is replaced by the 
upwelling of deeper water.
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In the presence of a wind stress, the surface layer and deeper layers 
behave differently. The surface layer, which extends down as far as 
Ekman’s depth of wind current, is a turbulent and viscous layer.
The lower layer is a more placid layer and is geostrophic in nature.
Models which deal solely with the vertical integral of the horizontal 
velocity, often hide important information concerning the partition of 
the flow between the two layers. In an effort to study the dynamics 
of the two different layers, and to discover how they interact, boundary 
layer techniques have been used by a number of authors such as 
Pedlosky (1968) and Garvine (1971).
In the boundary layer models, order-of-magnitude analysis is 
used to divide the fluid up into layers. Most models consist of upper 
and lower frictional layers, called Ekman layers, and a geostrophic 
interior layer. Boundary conditions at the coast are usually catered 
for by a vertical boundary layer at the coast.
The dynamics of boundary layer models are dealt with in detail in the 
following chapters with specific reference to Garvine (1971) and 
Garvine (1973).
Garvine (1973) gave an account of the effects that bottom 
topography have on upwelling in an ocean of constant density. Garvine's 
model is of interest because it is one of the few boundary layer models 
dealing with upwelling, that uses one continuous profile to represent 
the continental shelf and slope regions of the ocean floor. Other 
models, such as Hill and Johnson (1974), have a discontinuity in the 
gradient of the bottom profile at the shelf break, which causes an abrupt 
change in the fluid motion in this region.
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Garvine incorporated the ideas of Ekman, Sverdrup, and Hidaka, 
as outlined previously, and constructed a steady state model for wind 
induced coastal upwelling. The work of Garvine is extended in the 
following chapters so that a better understanding of the effects of 
bathymetry on upwelling can be obtained.
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2_-- _______ THE DEVELOPMENT OF GARVINEfS UPWELLING MODEL
2»1 Equations of Motion and Boundary Conditions
®arv-*-ne (1971) formulated a simple model for coastal upwelling, 
the motion being driven by a surface windstress acting on water of 
constant depth. Order-of-magnitude analysis was used to divide 
the ocean into an upper frictional boundary layer where horizontal 
divergence occurs (Ekman layer) and a lower return layer. Garvine 
found that in his model, the Ekman layer could be deduced independently 
of the return layer.
The equations of motion used by Garvine (1971) were similar 
to those used by Hidaka (1954), differing only by the retention of the 
longshore pressure gradient term. The work of Garvine (1971) was 
extended by Garvine (1973) with the inclusion of bathymetry.
This dissertation extends the theory of Garvine (1973) by 
introducing a bathymetry which is more representative of the topography 
found on continental shelves and slopes. The bathymetry is divided 
into two distinct sections, with different mathematical expressions • 
for each section. The shelf section is a broad, flat section leading 
onto a steep continental slope section. The depth and gradient of 
these two sections are equated at the edge of the shelf section at a 
point called the shelf break.
Although the depth and gradient of the bottom profile is 
continuous across the shelf break region, the fact that different 
equations are used for the shelf and slope sections of the profile 
means that the velocities do not automatically match up across the 
shelf break. Therefore, the method used to solve the equations 
of motion differs from that used by Garvine (1973) in that the solutions 
for the motion above the shelf and slope sections must be matched at
the shelf break.
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The upwelling model consists of a- long straight coastline running 
from south to north in the southern hemisphere, with an ocean of 
uniform density p to the east. The depth H(x) is considered to be a 
function of the offshore distance only, and the offshore scale of 
the velocity field is very small compared to the longshore scale.
Thus, variations in the longshore direction are neglected as in 
Garvine (1973).
The equations of motion and continuity for the steady state motion 
of fluid in the southern hemisphere, are written in the form:
f v - o
-f u *o
9ti ^ h  32u Av  32u
^3x p 3xz p 3z2 *
3t) , ^h 32v ^ v 32v
^3y p 3x2 p 3z2 ’
2.1
2.2
P ~ P = pg(n - z), and a
3u 3w _ n 
3x + 3z ' 0f
where f = I f I. o 1 1
2.3
2.4
A wind stress is applied to the surface, and assuming the wind 
stress matches the shearing stress at the surface, the following 
boundary condition is obtained:
Tx
3u 
v 3z z = 0 Ty = a  —v 3z 2.5
At the solid boundaries z = -H(x), and at the coast x = 0 , 
all the velocity components are assumed to vanish.
The vertical velocity w, is assumed to vanish at the surface 
2 s= o, and the x — derivatives of the velocity field must vanish as 
x o°.
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Garvine (1973) explains in detail the justification for the
Sir»
longshore pressure gradient in equation 2.2. The retention of thisdy
term, despite the assumption of no longshore variation, is necessary 
since it is the driving force in the geostrophic interior. The 
longshore pressure gradient will be evaluated later, and will be shown 
to be a constant.
2.2 Assessment of the Order of Magnitude of Terms
Only the top layer of fluid is directly effected by the wind stress 
applied to the surface, and so it would be expected that the velocities 
in the upper layer would be much greater than those of the lower 
layer. Thus terms such as the pressure gradient terms may have 
negligible effect in the upper layer. It is therefore important to assess 
the order of magnitude of the terms involved in each layer.
From the work of Sverdrup (1938) it is known that seaward of 
the region where the coastal boundary influences the fluid motion, the 
offshore transport is given by the Ekman transport,
_T
M = (see equation 1.11).
x fo
If u is the characteristic velocity in the Ekman layer,E
then M - pu D where D is the depth of frictional influence given x E v v
by Ekman (1905)(or simply the depth of the Ekman layer). Therefore,
-T
”E pf D o v
2.6
For the return layer, seaward of the effects of the coastal boundary 
where the depth H(x) , the mass transport must be of the same
magnitude as the mass transport in the Ekman layer. Therefore in the return
TyM = ~7~ = pu H x f K R 00 o
layer:
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where is the characteristic velocity in the return layer. Hence,
UR ~ pf H o 00
or -  - u  —  R E H 2.7
provided D «  H .V oo
It would be expected that as the shelf section is approached 
the velocities would increase as the depth decreases. This is of no 
consequence provided the depth of the Ekman layer is a small fraction 
of the total depth.
The return layer is outside the region of influence of wind 
generated friction or horizontal friction, hence the motion will be 
characteristically geostrophic. Geostrophic balance gives
which, after using 2.7, leads to
-f u , o R*
3n „ Ty #
3y pgH^ * 2.8
The horizontal scale of the upwelling region is termed D^. 
Thus from the equation of continuity it follows that
D
w - u V
_T
E D,h pfAo h
2.9
Equation 2.9 indicates that the vertical velocity will obtain 
a positive value only if T is negative. With the axis system used 
in the model, will be negative if the wind is blowing from the 
north.
The following estimates will be used in all calculations in this
dissertation.
z
A.
Figure 2.1 The Upwelling Model
Wind Stress = T = 1  dyn cm o J
-2
Wind Stress Components = +.8
T = -.6y
f - 10 ^ sec ^ o
a ~ in8 -2A, - 10 cm sec
Dh “/ ? 14Km
, _3 -2g - 10 cm sec
2 -2  Av - 10 cm sec
r2A
D = J ~ 14mv i  pf
u - 5.7 cm/sec £>
-3
w - 5.7 x 10 cm/sec
-2- -8 x 10 cm/sec
H * 1 Km 
00
p - 1 gm/c.c.
The characteristic velocities mentioned above are typical 
of the velocities found in upwelling regions. (See Smith (1968)).
Figure 2.1 shows the upwelling model, with the Ekman and return 
layers, along with the relevant axis system and wind stress components
2.3 The Pressure Gradient Terms
To find the solution to equations 2.1 - 2.4, the first step is to
3nfind expressions for the pressure gradient terms and then u and 
can be found from 2.1 and 2.2 dnd finally w is obtained from the 
equation of continuity.
Integration of the equation of continuity over z gives
- 19 -
Applying the boundary conditions
w = 0 at z = 0, z = -H 
u = 0 at x = 0, z = -H
gives 
' 0
u dz = 0, 2.10
indicating that the offshore mass flux in the Ekman layer is fully 
compensated by a mass flux in the return layer.
^®^iica-l integration of 2.2 using 2..10 gives
0 = -gHf i  +  ^3y p
f o
il
3x4
v
<£<*, 0 ) - 3z(x, -H)}
-H(x)
Using condition 2.5, neglecting the bottom stress compared to 
wind stress, and applying Leibnitz Rule yields,
0
-H
As x-*» the derivatives of the velocity field will approach 
zero, thus
9n _ Ty 
3y pgH«, as x 00 .
the term
Since the velocity field is independent of y (no longshore variation), 
30
3y can be at most a constant, Thus,
in = _ x -
3y PgH^ 2.11
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Vertical integration of equation 2.1 gives:'
ro f 0 P»
p f
o
4
V  dz = - p g ü g  +  ^
- . -
32u .
W  dZ +  Av 0) -  f ^ ( x ,  -1 0
-H(x) -H(x)
Using Leibnitz rule the integral of 32u , .can be wrxtten as
o
-H(x)
9u
3x
-H(x)
dz 3u3x (x, -H)
dH
dx
which, after using the continuity equation gives, 
-H) - w(x, 0) - g  (X, -H) dHdx
-H(x)
Applying the boundary conditions w = 0 at z = 0, z = - H  and 
condition 2.5, and neglecting the bottom friction term compared to the 
wind stress term, the vertical integration of equation 2.1 takes the form
o
-f pv dz = TT3ri pgH3x
3u
3x (x, -H)
dH
dx
~H(x)
TX .
With the longshore mass transport per unit width defined as
M =y pv dz,
-H(x)
the offshore pressure gradient can be expressed as:
ün=
3x pgH
f.M ^_ J>u(x, -H)dH
pgH pgH dx dx
2. _ 2.12
o
As x-*30 the offshore velocity approaches its asymptotic limit and
3uthe velocity gradient will vanish. Also as x-*», the depth of the 
bottom topography approaches the constant value (as shown in Figure 2.1) 
Garvine (1971) showed that when the depth H(x) is constant, the longshore
- 21 -
transport My vanishes. Hence as x-*», equation 2.12 reduces to 
in _ Tx 3n .
3x pgHœ • Slnce 3X and My are both unknown in 2.12, an exact form 
f 3n t
for 3x cannot be found. The offshore pressure gradient is expressed 
in the form:
Bri _ To 
3x " pgHœ
T
+ F(x)) 
o 2.13
where F(x) is of order unity and approaches zero as x-*50. 
F(x) represents the change in ■g—- caused by the bathymetry.
the absence of bathymetry, F(x) will be zero everywhere 
and the longshore pressure gradient becomes
9r) _ Tx
9x P8Hoo
as in Garvine (1971). An expression for F(x) will be derived later.
2•4 Separation of the Ekman Layer from the Return Layer
The upper Ekman layer is a viscous layer with large velocities, 
whereas the return layer is inviscid and*geostrophic. It would be 
expected that these two layers would have different equations for the 
velocities.
For the Ekman layer, the characteristic velocity is given by 2.6 9 
the vertical scale is of the order and the horizontal scale of the 
order D^. The equations of motion for the Ekman layer are made 
dimensionless by the following substitutions:
€ = x/D
u = u/pf DK O V
z = -z/D
v = v/'pf D K o v
where £ z, u and v are dimensionless variables of order unity. 
Equations 2.1 and 2.2 become:
T
- 22 -
32"D T 2 ~" = - H ^ r  + ^ ) ) + v | ^  + * aiu
-u =
D T
H VT ’
00 o
32v
3z2
The term -D^/H^ multiplying the pressure gradient terms is of 
_2 .the order 10 making the pressure gradient insignificant compared to 
the other terms provided F(£) «  Hc D/V
For the return layer, the characteristic velocity is given by 
equation 2.7. The vertical scale is determined by the asymptotic 
depth H^, while the horizontal scale remains D^.
Using the substitutions
S = x/D, = -z/H
u = u/pf H o 00
v = v/
pfo 00
the variables z, u, v are made dimensionless and of order unity. 
The equations of motion 2.1 and 2.2 become:
/\ T
v = ^  +  F(s) -
0
AV 32 U
'2 d £ 2
”*
8o
M-lCL1 d z 2
^ T 1 3 2V
AV a2v
• y  -  u = T 0
'2 8 C 2 oCl
1 CM<NCO
-4where the term A /of H2 is of the order 10 . Vertical frictionV  ~ O oo
is thus insignificant in the return layer.
The velocity is thus expanded in terms of its two 
counterparts so that:
[**• u + ^ :<5>]
’ ■ ^ f V  [*«• Z~) + 5 Sv(5)|.
dimensionless
2.14
2.15
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Substitution of these quantities into the equations of motion yield 
two sets of equations, one relevant to the Ekman layer, and the other 
in the return layer.
For the upper Ekman layer:
~ ! 92u , , 92u
v  -  *  w  + h aF
- , 32v t 92v
- u  = ** 3Ç* + * a F
and for the return layer,
Tv-V = -  + F(Ç) - ^
T
Û
• To
82 AV
" **3F *
These expansions are valid provided 
the total depth, and |F(£)| «  Hœ/Dv .
2.16
2.17
2.18
2.19
is always a small fraction of
2.5 The Solution for the Ekman Layer
The equations of motion for the Ekman layer 2.16 and 2.17, combine 
to give one equation for the offshore velocity u, viz.,
9**u ?9^u
9£* + 29Ç29zz 0. 2.20
The velocity field in the Ekman layer is divided into two parts:
u = u£ (z) - q(£, z), 2.21
where u_(z) is the offshore velocity as and q(£, z) is theE
alteration to the offshore velocity caused by the coastal boundary. 
From 2.16 it follows that:
v = h
92~uE
95*
2.22
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By substitution into 2.20, îL(z) must satisfy:b
di***’u
S ' “  + 4“e " 0
Boundary conditions are such that u + 0 exponentially as z+oo,£
and the fluid stress matches the wind stress at z = 0. The condition
2.5 becomes:
3uE
dz . = -2—  Z = 0 T Ü!dz
T
= -2-2- 2.23
z = 0
The solutions for the horizontal velocities in the Ekman layer
are:
UE
VE =
T T
-e [ — (cos z + sin z) + (sin z - cos z)]
T T
-e t —^ (sin z - cos z ) ---— (sin z + cos z)]
To To
2.24
2.25
d2u
where vL = dz\ is obtained from 2.16.
The velocity term q(£, z) satisfies the partial differential equation
2.26
The boundary conditions for q at z = 0, are found by substituting 
equations 2.21 and 2.22 into equation 2.5. Since the shear stress requirements 
at z - 0, have already been satisfied by equation 2.23, the boundary conditions 
for q are:
■g|(C, 0) ~ 0, -^(S, °> = 0 2.27
Since q represents the adjustment in the Ekman layer velocity caused 
»
by the coastal barrier, then the conditions q 0 exponentially as 
and q-H) exponentially as z-*», apply.
The condition u(0, z) = 0 for velocity at the coast requires that
u£(z) = q(0, z). 2.28
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Satisfying the condition that the longshore velocity v(0 , z) vanish 
at the coast causes a singularity to occur at £ = 0 , z = 0 .
The condition v(0, z) = 0 requires from 2.16 
l ^ (0» 2) nr 3fq(0, l) 32£!(0, z)
3z‘
At £ 0, u(0, z) — 0 for all z, and since the coast is
portrayed as a vertical wall, it follows that
3u(0, z) = 0 when z f  0 . 
3z
2.29
At z - 0 , where the shear stress matches the wind stress, using
2.27 gives:
35(0, 0) __ auEdu_(0 )
3 z =  1 MJdz =  - 2- x
This means at £ = 0, z = 0 a  singularity exists and 4 * ^ ^ ’ ^
2 ' dz
is unbounded. From 2.29 ^  is also unbounded. However the
• n £ 32q ~ •integral of over z exists.
Integrating the equation of motion 2.16 over z with £ = 0, leads to 
z ~
v(0 , zi) dz, = -
cr
3_q(0, ẑ )dz, + 3u(0, Zj) 
3q 3z,
which, with v(0 , z) = u(0 , z) = 0 and -|S- - 0 for z > 0 ,
z
gives 32q(0, dz, _ _3u(0, 0)35* “ 32 "
u - •
For z > 0, = 0 and -|j^’ ^  = -2^, therefore it follows that
0 ( 0 ,  2) = 2_x fi(S) 2.30
°,
where 6 (z) is the dirac delta function 6(z)dz, = 1.
0
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The differential equation and boundary conditions for q are thus 
complete. The solution of 2.26 for q with conditions 2.27, 2.28,
2.30 and the requirement of exponential decay for large £ and z, is found 
with the aid of a Fourier cosine transform.
Using the transform
zoo
Q(£, s) = q(£, z) cos s z dz,
O
equation 2.26 becomes 
d4~ - *2
+ i®** + 4)Q = o.
The boundary conditons become
¿0(0, s) _ \
d F  ~  2t »
fCO
Q(0, s) = ü (z) cos s z dz,£j
O
Q_ -*• 0 as K °°*
2.31
2.32
2.33
The solution of the ordinary differential equation 2.32 with boundary 
conditions 2.33 is given by 
T „
Q(Ç, s) 7rirj
O
î (s2cos m £ - 2 sin m £)
- -2- —ç— ■— — e ^ (2 cos m £ + s2 s m  m £)T s + 4 ^ *0
where m = V s * + 4 - s
2
2.34
2.35
The*velocity q(£, z) can be found using the Fourier inversion
qC. *) Q(£ , s) cos z s ds. 2.36
Values of q(£ , z) are calculated numerically. For the special case 
when £ = 0, an analytical answer to equation 2.36 is possible, however, 
the analytical form for q(0 , z) merely restates equation 2.28.
0
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The horizontal velocity components of the Ekman layer, given 
by 2.24, 2.25 and 2.36 are completely independent of the return flow,
They-are dependent only on the wind stress components ——  , and
T T
the velocity scale Pf D ‘ o v
The vertical velocity at the lower edge of the Ekman layer is of
major interest in upwelling models since it is this velocity which is
responsible for the exchange of fluid from the return layer to the
upper Ekman layer. This vertical velocity is termed the Ekman layer
suction velocity w (£) and since it refers to the vertical velocitys
at the lower edge of the Ekman layer, it is a function of £ only.
Integrating the continuity equation and using equation 2.14 gives
w(Ç, z) = Pf D, uo h
z
9u ~ z_ du
H  Hœ dÇ J
At the lower edge of the Ekman layer the term — - will be of the
“co
-2 . order 10 and is negligible compared to the other term. By letting
3r*oo, the Ekman layer suction velocity is obtained.
V ®  = p Oo h
which after using equation 2 .2 1 , becomes
^  as dz,
/OO
Ws (C) = " p f lo h J
0
ia dz 
di dz# 2.37
The suction velocity can be deduced without the numerical 
calculations needed for q. The differential equation for q, equation 2.26,
can be integrated over z giving
f°°
dr (
0
q dz) + 2^ z  ( I#dS) + dz + 4 q dz = 0 . 2.38
With the boundary conditions 2.27 for q, together with
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K?) = q dz
the equation 2.38 becomes
^ + 4X = 0
2.39
2.40
The boundary conditions for 2.40 are found by integrating equations
2.28 and 2 . 30, giving
and
1(0) = -
O
d2I(0 ) _ A 2.41
Also 1 (C) ^ 0 as £** oo since q 4  0 as C oo .
I (5) = -e-c
The solution of the differential equation 2.40 with boundary 
conditions 2.41 gives
rT T
TO O
The Ekman layer suction velocity is thus found from 2.39 and 2.37 
as
sin C + ̂  cos C 2.42
T r  pr t
w = nf°n e ^ ~  (cos c - sin C) - -z?~ (cos C + sin C) .
s p o h LTo o J
At the coast C = 0, the suction velocity reduces to
w (0) =
2.43
T T
_ - x - ypfAo n 2.44
The suction velocity w (0) is actually found at the outside edgeS . '
of a thin» adjustment layer whose purpose is to reduce the vertical velocity 
at the coast to zero. The thickness of this adjustment layer is a small 
fraction of the horizontal scale D^, hence it is valid to approximate 
the beginning of the Ekman and return layers by C = 0.
As a result of the mass flux constraint 2.10, it is expected 
that the total mass flux entering the Ekman layer from the return layer,
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would be the seme es the mess trensport in the offshore direction due 
to the wind stress et the surfece.
Integreting 2.43 over £ gives
00
P ws(?) d ? = -f­
o0
in egreement with the Ekmen trensport.
2.6 The Solution for the Return Leyer
The solution for the velocities in the surfece Ekmen leyer given 
in section 2.5, follow closely the solutions given by Garvine (1971), 
with verious chenges in sign to eccount for e model in the southern 
hemisphere. The solution for the return leyer is however, quite 
different from that of Garvine, although the results of Garvine (1971) 
end Gervine (1973) mey be obteined es e speciel cese of the more generel 
results obteined here.
The equetions of motion for the return leyer ere given by 2.18 
end 2.19
-<t = ^  + F(Q - h .T at,O
end
T
û = ^
To
, 32«
"  h W  ’
which combine to give
W
4-X. + 2F"(0. 
To
2.45
with boundery conditions
G(0, 2) - 0(0, 2) = 0,
u end v venish elong the bottom z = h(£),
H7 ^ 0 es £
0v -> 0 
00 JZ 0 es £  00.
N
X
y
Figure 2.3 Coastal Bathymetry. The continental shelf section 
and continental slope section is joined at the 
shelf break.
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The dimensionless distance of the bottom topography from the 
shore for a specified z is termed £0(z). The no-slip condition 
u — v - 0 when z = h(£) is achieved by the requirement
u = v = 0 when £ = . 2.46
This condition is necessary since the differential equation 2.45 
will not yield terms involving the independent variable z. Thus all the 
z dependence in the return layer solution will be contained in 
which enters the solution via the boundary conditon 2.46.
Figure 2.2 shows the location of a point (£, £^) in the return 
layer as having on offshore distance £ and a depth h(££). When 
£ ~ t̂ ie P°int (£ £ ) must lie on the bottom.
Upwelling models which have a constant depth with a step to 
represent the continental shelf, require a lower Ekman layer to 
satisfy the no-slip condition at the bottom of the return layer.
Garvine (1973) shows that provided the slope of the topography is 
sufficiently large (in a model with varying depth), the horizontal 
friction outweighs vertical friction, making the lower Ekman layer 
unnecessary. Thus equation 2.46 is sufficient to meet the no-slip 
condition for the model discussed here.
The bottom topography consists of two sections, the continental
shelf, and the continental slope which proceeds offshore to the deep 
» .
ocean. The shelf section is given the form
. . . • NS •
hSHELF = 1 p (i) er^ £
where h measures the depth of the shelf from the surface at z = 0,SHELF
and p(i), r(i) are constants whose values determine the shape of hcu .SHELF
The continental slope has the form:
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NO
hSLQPE *■ 1 ~ 2 SW)
i*l
ettt)Ç
where \ Lq^e is again the depth, of the continental slope from z = 0,
and s(i), t(i) are constants whose values determine the shape of h
• . F SLOPE*
Where the shelf and slope meet, the values of h, h' and h" 
are equated to obtain a smooth shape for the bathymetry.
the
The depth of the topography at any point £ can be obtained from 
expression
h(£>
NS
1 - 2  P(i) 
i=l 
NO
1 - l s(i) 
i=l
er(i)Ç
et(iK
if £ is above the shelf 
if £ is above the slope
2.47
Figure 2.3 shows how the topography is divided into a shelf section 
and a continental slope section.
Equation 2.45 contains an unknown function F"(£) which is the 
approximation for the second derivative of the offshore pressure 
gradient. To enable equation 2.45 to be solved for the velocity u, 
the function F(£) is given a form .
F(£) - F(0) (1 - h(£)) 1 - h(0)
- N
1 + Z
n=l
c sin n
2.48
where "a" is the decay scale for the bathymetry (see Garvine 1973). The 
form of F(£) is designed so that at £ = 0, F(£) = F(0), where F(0) has a 
known value. Also since h(Q has an asymptotic value of 1, then, as £ -► <», 
F(£) ->v0, The constants c^ are the coefficients of a truncated Fourier sine 
series and their values will be determined later.
Equation 2.45_can now be solved to give the offshore velocity for the 
return layer. The longshore velocity is found by substitution in equation 
2.18. Both u and v are then known in terms of the coefficients c^.
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. Equation 2.45 is solved firstly for values of £ which are above the 
shelf section and then for values of £ which are above the continental 
slope. The velocities and velocity gradients are then equated at the shell 
break, and the no-slip condition applied to the bottom topography.
The boundary conditions for 2.45 can be written as
u* 0, v ’ 0 as £ oo
c> ii o * <> il o rt II
A
USHELF = USL0PE at the shelf break 2.49
A
VSHELF = VSL0PE " ii it •i
U SHELF = U SLOPE " it it it
~ i
V SHELF
_ ~,
V SLOPE . " it it it
The solutions for u and v are too lengthy to be included in this 
section. They appear in Appendix 2.
The important features of the solutions of u and v are firstly that 
they are known in terms of the coefficients c^ which originate in equation 
2.48. Secondly the z dependence in the solution is solely incorporated 
in the parameter C£ which entered the solution through the boundary 
condition 2.46, where z and are related by the expression 
z = h(££). Also the parameter £ - ££ emerges as an important factor in 
the solutions. It measures the horizontal distance of a point in the 
fluid from the solid boundary of the bathymetry.
2.7 The Offshore Pressure Gradient .
The velocities u and v of the return layer, are known in terms
of the constant F(0) and the coefficients "c " of the truncatedn
Fourier sine series approximation used in 2.48. These coefficients
are evaluated in such a way that the pressure gradient term is approximated
as accurately as possible.
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F(0) is evaluated by using the equation for the longshore transport 
2.12, together with the defining equation for F(£), equation 2.13.
At the coast, £ = 0, the longshore velocity v vanishes, hence the 
longshore transport must vanish. Therefore, at Ç = 0, equation 2.12 gives
f (0) = ^  ( r r k -  i) 0).
o kh(0) 2h(0) 3£
2.50
In equation 2.50 the term ^  appears instead of ^-------------- - -  3£
This occurs because the solution for u given in A2.1 is written in terms
of the parameter not z. In the region bounded by the surface and the 
depth h(0) the value of is zero. It follows that u and v are independent 
or 2 in this region, hence ^  .should appear in 2.50.
The single remaining equation which has yet to be satisfied is 
equation 2.10, viz.,
( o
-H J
u dz = 0.
The values of the coefficients ,fc M may be found by ensuring that 
condition 2.10 is satisfied for all values of Ç. This is carried out 
with the aid of a stream function.
The dimensionless stream function for the return layer z) ,
will satisfy. ' ’
 ̂ , o 9 ip
u - at and w = at*K o h
2.51
where ip is of order unity and satisfies the continuity equation 2.4.
For the return layer, \p is calculated as
h
z) =-
z -
with ip(£, h(O) = 0.
A  i  Au dz,, 2.52
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The stream function for the Ekman layer is known since the Ekman
layer is calculated independently of the return layer. At the
lower edge of the Ekman layer the vertical velocity is given by 2.43
and is called the Ekman layer suction velocity (written as w (£)).s
The stream function at the lower edge of the Ekman layer is calculated
as
p f  d  r
V o  -
0 o J
Wg(£) d£, , 2.53
thus from 2.53 and using w (£) from 2.43s
v °
TV -£ Tx Tv“ “T + e s( ~  sin £ H— ^ cos £).
o o To
2.54
5
In the Ekman layer, the stream function changes from zero at 
z = 0, (where w(£, 0) =0), to a value of ij; at its lower edge.
If the stream function at the top of the return layer, were equated 
to then the constraint 2.10 would be satisfied.
Approximating the upper limit of the return layer by z = 0 
means that the mass flux constraint 2.10 is satisfied by the condition
0) = ipE • 2.55
Condition 2.55 also ensures that the vertical velocity at the
top of the return layer, matches the Ekman layer suction velocity.
The matching condition 2.55 is achieved by numerical methods and is
used to evaluate the coefficients "c ", and eventually, determine then
final form of F(Q.
To assist in the matching in equation 2.55, the vertical velocity 
in the return layer at £ = 0, z = 0, is equated to the Ekman layer suction 
velocity at £ = 0, giving
w(0, 0) = w (0),s 2.56
35 -
which, after using equations 2.44 and 2.51 reduces to
T T, 0) _ 1 X,
h(0) 2.57
Since 3u(0, 0)as contains the coefficients c , equation 2.57 is usedn
to find a relationship between c^ and the remaining c^ values.
The value of F(0) can now be found by substituting equation 2.57 
into equation 2.50, giving
= In (__L_ _ 1 + __ h. . hV(-Q).
F W  t Mi«» 1 2h2( W  t 2h2(0) * 2.58
At the coast, £ = 0, there is a thin adjustment layer which serves 
to bring the vertical velocity at the coast to zero. The thickness 
of this adjustment layer is negligible compared to the horizontal scale 
used in the Ekman and return layer. It is thus valid to approximate 
the outside edge of the adjustment layer by Ç = 0 when applying 
boundary conditions to the return layer.
2.8 Adjustment Layer
The mathematical treatment of this layer follows the work of 
Garvine (1971), with modifications due to the negative value of the 
Coriolis parameter in the southern hemisphere. .
The adjustment layer is a thin non-hydrostatic layer at the coastal 
boundary whose sole purpose is to satisfy the condition w = 0 at £ =0. 
Assuming the thickness of the adjustment layer is Dw where Dw/Dh «  1,
the vertical mass flux in the adjustment layer is of the order 
compared to that of the coastal upwelling area. Thus analysis of the 
return layer was conducted without the constraintw = 0 at £ - 0.
S e p a r a tio n  o f  th e  p r e s s u r e  in t o  h y d r o s t a t ic  and n o n -h y d r o s t a t ic  
com ponents g iv e s
P - P*(x, z) +pg(n - z) . 2.59
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Substitution of 2.59 into the equations of motion given by equation 
1.3, and neglecting longshore variation, gives
f v o
1 3P* 
p 3x
-f u = o
1 3P* 
p 3z
M
'3x
- ^  +
+ 8
2 A 3 u v 32u
p 3x2 p 3z2
\ 32v Av 32v
p T J  + T 3z2
2 A 9 w v 32w
p 3xz p
3u _3w 
3x 3z = 0.
2.60
2.61
2.62
2.63
From the ratio of the horizontal friction term and the vertical 
friction term, it is found that in the adjustment layer, vertical friction 
is negligible .
^h 32u / ^v 32u , 6̂ Az
p ^  10 s r  ‘
For the above ratio to be of order 1, the width of the adjustment
layer would need to be of the order 200 Km.
a. «
layer is required, terms of the form
P 3z2
Since a thin adjustment 
are negligible.
Equation 2.62 can be written as
3P* _ A 32w  .
3z ^h 3x2 *
indicating that a balance exists between the pressure term and the 
friction_term. Scale analysis shows that this balance will enable the 
boundary condition w = 0 at x = 0, to be imposed provided the width 
of the adjustment layer is of the order of the depth H(0) .
With the width of the adjustment layer being of the order H(0), 
the equations 2.60 — 2.62 reduce to
Eliminating P* and introducing the stream function
ilfei
3x w, .Mi.3z -u
gives
ap- (arr- + ̂ f-) = o,3x 3z:
3v
3x constant.
2.64
2.65
Equation 2.65 indicates that the longshore velocity shows only a linear 
variation with x due to the width of the adjustment layer being so small.
Equation 2.64 is solved using a separation of variables method with 
boundary conditions
= 0 at x = 0,
which ensures that the vertical velocity vanishes at the coast, and
f*'s 0 at x a 0 and z = -H(0).
For xr/H(0)-*»the vertical velocity in the adjustment layer must
match the vertical velocity w in the return layer evaluated at £ = 0.
Since w(0, z) is linear in the return layer, equation 2.56 gives * ,
z) m (1 + z/H(0))ws(0). 2.66
In a similar way to Garvine (1971) a simple constraint is used 
at the top of the adjustment layer, viz.,
Z
Figure 2.4 The position of the adjustment layer.
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This condition will produce vertical streamlines at the surface 
of the adjustment layer.
The vertical velocity adjacent to the surface Ekman layer is 
not matched as this would effect the solution very little and 
a detailed study of this adjustment layer is not needed.
The solution of equation 2.64 subject to the boundary conditions 
mentioned above is
w(x, z) . 8 i j x  - Ty ) y (-1)
n + 1
TT pf D 1 (2n - 1)* o  h n=l '
Y s m
, ,-(2n - 1)1 ~ exp(---- ---- s 1* H (0)j
-̂ ■n ~ 1^7T(1 + — --)2 1 K± H(0);
2.67
Figure 2.4 shows the position of the adjustment layer in relation 
to the Ekman layer and return layer. .
2.9 Two Bathymetric Shapes
Of the equations given in this chapter, those of the Ekman layer and 
the adjustment layer are similar to the equations given by Garvine (1971). 
The solutions for the motion in the return layer are however quite 
different to that of Garvine due to the process of matching the 
horizontal velocities and velocity gradients at the shelf break as 
shown in equation 2.49. The matching process is not the result of 
any discpntinuities in the bottom profile (note that h, h f and even hM 
were equated across the shelf break); it is simply a consequence of 
using different mathematical expressions to represent the depth of the 
shelf and s l o p e  sections of the profile.
It will now be shown that when the simpler bathymetric shapes of 
Garvine (1971) and Garvine (1973) are used, the present model will yield 
the same results as those obtained by Garvine.
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Garvine (1971) used a model involving an ocean of constant depth. 
The equation for the bathymetry in the present model is given by equation 
2.47. If the values of
p(i), i = 1, NS and s(i), i = 1, NS
were put equal to zero, then the bathymetry would be that of an 
océan of constant depth similar to Garvine (1971)• Substituting 
p(i) » s(i) = 0 into the equations for the velocity A2.1 and A2.2 gives
AU
AV
T
= JL _
T0 
T
T
(-2:
T r T
- f *  -
cos £ 
sin £
T
+ sin £ )
o
T
X- —  cos £) .
o
These results are the same as those obtained by Garvine (1971), 
being applicable in the southern hemisphere.
2.68
Garvine (1973) introduced bathymetry into his previous (1971) 
model using one continuous function to represent the bottom profile. In 
the present model, Garvinefs bathymetry can be reproduced by equating 
the terms p(i) = s(i), r(i) = t(i) in 2.47 and choosing suitable values 
for p(i) and r(i). Under these conditions, the velocities given in 
A2.1 and A2.2 reduce to
T N
Û = + F(Ç) + Z cn 0n(ç)
o n=l
i t N
e^cosCÇ - Ç ) {-^ + F, (Ç ) + S c 0n(f )}
e To 1 e n-1 n e
+e ^  ^ s i n ( £  - £ ) {-“  + G (£ ) + E c 0 (£ )}* r t  1 - n . n
N
n=l
N
* —  -*■ + G(ç> + z c en(0
lo n=l
T „
-e ®   ̂cos (£ - £ ){^-~+ G(£ ) + £ c 0n (Ç )}
e o e n=l n
T N
^e^sin(£ - ££);{ . ^  + F(££) + ^ cn
N
n=l
2.69
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giving the same results as Garvine (1973).
It is clear that the results obtained by Garvine (1971) and 
Garvine (1973) can be extracted as special cases of the model discussed
here.
- 41 -
h __________ BATHYMETRIC SHAPES
3-1 The Influence of Bathymetry on Upwelling
Observations of the upwelling process have been made at various 
locations around the world. The shape of the bottom topography has been 
found to have a significant effect on the upwelling characteristics 
in various regions. Upwelling models which include bottom topography 
have usually shown what effect variations in surface conditions (that 
is, windstress) have on the upwelling associated with one particular bottom 
profile. The work presented here is intended to show the effects that 
variations in the bottom topography have on upwelling, given the same 
surface conditions. ,
Huyer (1976) made comparisons of the upwelling events off the 
coast of Oregon and north west Africa. Off the Oregon coast where the 
transition between the continental shelf and the continental slope 
is gradual, the undercurrent associated with upwelling appears over the 
shelf as well as the slope, and the maximum vertical velocities are 
found very near the shore and well above the bottom. However, off the 
coast of north west Africa where the continental shelf is shallow 
and the continental slope is steep, the undercurrent is limited to the 
continental slope region, and the maximum velocities are found near 
the bottom in the vicinity of the shelf break. It is clear from 
Huyer’s observations that topographic effects are significant in 
upwelling events.
Gill and Clarke (1974) studied the effect of bottom topography 
on coastal upwelling using a model of two layers with differing 
densities. Pedlosky (1974) proposed a three dimensional model for 
coastal upwelling with a shelf-like bottom structure.
>
N
Figure 3.1 The circulation proposed by Hill and Johnson (1974)
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Hill and Johnson (1974) and Johnson and Killworth (1975) studied the 
theory of upwelling over a shelf break using a bottom topography which 
had a discontinuity at the edge of the continental shelf. This 
discontinuity created a circulation cell over the shelf break in which 
strong vertical velocities were found. Figure 3.1 shows this 
circulation cell.
The model used in this dissertation has a topography consisting 
of a flat shelf with a gradual change in gradient at the shelf break, 
leading onto the continental slope. Unlike Hill and Johnson’s model, 
the topography is continuous at the shelf break so that no special 
conditions are forced on the solution at this point.
3.2 Obtaining the Bathymetric Shape •
The function h(£), which is the dimensionless depth of the bottom 
profile, enters the equations for the fluid motion through equation 2.48. 
This equation is substituted into the differential equation 2.45 to obtain 
the velocity term u. The mathematical form of "h" has to be such, that 
an analytic solution of 2.45 is possible» For this reason, h(£) is 
expressed as a sum of exponentials, as shown by equation 2.47.
Using one equation to represent both the shelf and slope sections 
of the profile was found to be inappropriate since problems arose 
due to either the shelf section having a buckle in the middle, or the 
continental slope section failing to be asymptotic to h(°°). To obtain 
a profile with a shape similar to that shown in figure 2.3, it was 
necessary to have separate equations for the shelf and slope sections.
At the point where the shelf and slope meet, the values of h, h* and h" 
were equated to ensure that the profile was perfectly continuous and 
had a smooth shape.
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Dividing the profile had the advantages firstly of obtaining 
a representative shape and secondly, it enabled one section of the 
profile to be varied while the other section remained unchanged.
For example, the slope section can be altered to form a steeper 
continental slope, while the shelf section remains unchanged.
For the shelf section, a reasonably flat shape is required, 
and so a single exponential with a small exponent can be used.
The depth of the shelf is given by: '
hSHELF = 1 ” e  ̂ 3.1
where typical values for p(l) and r(l) are p(l) =,8 and r(l) = -.01.
These values give a step at the coast of depth .2 followed by a relatively 
flat shelf structure.
The continental slope has a far more complicated shape than the
shelf, and so requires more terms in the expression for the depth h .
. SLOPE
The function hgkopE must satisfy the following conditions:
(a) hc „ must be continuous with hOT__T _ at the shelf break,oLUirL bnLLr .
(b) hOTr._,_, must have the characteristic shape of a continental slope, andbLUr£i
(c) hOTr._,_ must approach h = 1 asymptotically to represent an oceanoL.OrE
of constant depth as £■*«>. ‘
A suitable hC T takes the formoLUrE n
* hSL0PE = 1 - s a > * t(1)5-s<2)et(2)S - 3.2
where the values of s(i) and t(i) are chosen so that the conditions
(a), (b) and (c) are satisfied.
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With the shelf break located at a point Z = s3, then equating 
the depth h(£) and its first and second derivatives at the shelf
break gives
hSHELF 5̂ = sg 1 - I s(i) et(i)s3 i=l
h f
SHELF
Z * s3
-Z s(i)t(i)et(i)s3 
i=l
h"
SHELF
Z = s3
-Z s(i)t2(i)et(:L)s3 
i=l
3.3
This forms a system of simultaneous equations which are linear with 
respect to s(i), i = 1, ..3. For given values of the parameters t(i), 
the values of s(i) can be found so that condition 3.3 is satisfied.
The system of equations 3.3 can be easily solved (given values 
for t(i)) by using a matrix inversion. The matrix representation of
3.3 is as follows.
t(l)s3 t(2)s3e e
t(l)et 1̂)se t(2)et(2)s3
t2(l)et(1)s3 t2(2)et(2)s3
et(3)se s(l)
t(3)et(3)s6 s (2)
t2(3).t(3),B s(3)
M» «1
1 ’ hSHELF
—h1 ISHELF |
h" I“ SHELF
Z = s3
Z = s3
s3
3.4
The solution of this matrix equation for s(i) guarantees 
that the bottom profile will be smooth at the shelf break, but doesn’t 
guarantee the required shape of the slope section.
The parameters t(i), i = 1, ..3 are evaluated in such a way that
the equation for h best fits a curve resembling a continentalSLOlrE
slope whose asymptotic value is h(°°) =1.
The parameters t(i) do not appear linearly in the equation hgLOpE 
and so a simple matrix inversion cannot be used to determine their 
values. Kowalik and Osborne (1968) discuss methods for non-linear
- 45 -
curve fitting which are suited to the problem of finding the values 
of t(i). The conjugate gradient method for function minimization 
of Fletcher and Powell (1963) was used to solve a least squares curve 
fitting equation involving the parameters t(i).
By minimizing the function
M
Y(t(l), t(2), t(3)) = E
K=1
3
(1 - Z s (i) 
i=l
“1 2
et(1HK) 3.5
(where hR is the data point used to represent the depth h(£) at a point 
 ̂~ * the appropriate values for t(i) can be found.
The Fletcher and Powell method for minimizing equation 3.5 is an 
iterative procedure which finds better approximations to the solutions 
t(i) 3.t each step. At each iteration of the method, the matrix 
equation 3.4 must be solved to provide the appropriate values for s(i).
A similar technique could be used to find a more complex form of the 
- shelf structure, however, this is not warranted in the present model 
with the shelf portrayed as a relatively flat structure and equation 
3.1 is sufficient. .
The variations in the bottom topography which are of interest to the 
model discussed here, are as follows:
(a) Variations may occur in the gradient of the continental slope.
This situation is represented in the model by holding the
shelf structure constant while the function h is changed.
SLOrL
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(b) The width of the continental shelf may vary. . To represent this,
the gradient of the continental slope is left constant and  *
the position of the shelf break is moved further offshore.
(c) The gradient of the continental shelf may vary, thus making a 
less abrupt change in gradient at the shelf break. This is 
achieved by holding the slope section constant while varying 
the equation of hSHELF> ‘
By using this "joined" profile and varying the topography in each 
section separately, it is possible to see which parts of the profile
have a significant effect on the circulation in an upwelling system 
and which parts have negligible effect.
Figure 4.1 Offshore Ekrnan layer velocity u^Cz) prevailing far 
- offshore (£-*»). -
Figure 4.2 Longshore Ekman layer velocity v (z) prevailing far 
offshore (S'*00) •
NOTE: The velocities shown in the graphs in chapters 4, 5 and 6 
dimensionless. The scale factors are defined in chapter 2
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4 . ______ UPWELLING IN THE ABSENCE OF BATHYMETRY
Before a detailed study of the effects of bathymetry in upwelling 
can be made, it is necessary to find out the type of circulation which 
exists in the absence of bathymetry. The equations for the Ekman layer 
given in section 2.5 and the adjustment layer given in section 2.8, depend
on the wind stress components and the scale factors, but are independent
. , ■&* .
of the bathymetry. Only the solution in the return layer varies 
with the topography. For this reason, the details of the Ekman layer 
and adjustment layer presented in this chapter in conjunction with 
an ocean of constant depth, will not be repeated at a later stage.
Details of the changes which take place in the return layer due to 
changes in bathymetry will be given in the following chapters.
4.1 The Ekman Layer
The Ekman layer is a viscous layer which occupies the first few 
metres of the ocean depths. The wind stress acting on the surface of 
this layer causes an offshore transport which is proportional to the 
longshore wind stress, necessitating a compensatory flow in the lower 
depths.
The velocity components for the Ekman layer are given by equations 
2.21 and 2.22, and are
u = u£(z) - q(£, 2)
v « v^Cz) - >
where G (2) and v_(2) are the velocities which exist away from the 
coastal barrier and q(£, 2) is the alteration in the velocity caused 
by the coastal barrier. The graphs of Ug(z) and vE (2) are given in 
Figure 4.1 and 4.2. As mentioned in section 2.2, the wind stress
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used in the model has a magnitude of 1 dyn cm”2 with components = -.6,
-  .8.
Figure 4.1 shows a maximum offshore velocity of
pf°D ~ cm/sec at z = 0,
o v
which decays exponentially with depth.
In figure 4.2, the longshore velocity is seen to have a value 
tq
*2 Pf d ~ cm/sec at z = 0. The positive sign of the longshore
o v .
velocity indicates that at the surface the velocity is in a direction
T
opposed to the longshore wind stress component (—2- = -.6). As the- TO
depth increases v^(z) reaches a maximum of .52 at £ = .6 representing 
a velocity of 3.7 cm/sec. From £ = .6 the longshore velocity
decreases exponentially with depth and is within 5% of its asymptotic 
value by £ = 2.5. The fact that the longshore velocity is able to have 
a direction opposing the longshore wind stress component is due to the 
effect of the earth1s rotation on a moving fluid. This is consistent 
with the theory of Ekman (1905). .
The velocities uE(z) and vE(z)are the velocities which prevail 
offshore from the coastal boundary. In the vicinity of the coastal 
boundary the velocity is altered by the function q(£, z) . Unfortunately, 
the complicated expression for q (£, z) given by the integral 2.36, 
cannot be evaluated analytically for all values of £ and so numerical 
solutions are obtained.
For the special case of q(0, z), an analytic solution is possible.
When £ = 0, equation 2.36 becomes
/CO
q(0, z) = -  7T (
Tx 2s2 y 4 v _ ~ .u. , . - — 7— 77 COS Z S dsH x A x0 SH + 4T 3 ^ + 4O
0
I-6
Figure 4.3 Offshore Ekman layer velocity u(£> z) = Ug(z) - q(C> z) 
for values of z = 0, .5, 1, 2.
l-é n
Figure 4.4 Ekman layer suction velocity.
Figure 4.5 Vertical velocity profiles in the adjustment layer.
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and using the theory of residues, this integral gives
~ T T
q(0, z) - -e Z[^- (cos z + sin z) +
T
X (sin z - cos z)]
0 o
which is identical to the equation for uE(z) given by equation 2.24. 
This result ensures the required boundary condition for the velocity
Figure 4.3 shows the graph of u(C, z) for z = 0, .5, 1, 2. 
graph indicates how the function q(£, z) effects the velocity 
at the coastal boundary. All three curves?
(i) show a velocity of zero at £ = 0,
(H) have a small overshoot of the asymptotic value in the region 
of E, = 2, and
(iii) are within 5% of their asymptotic values at £ = 3.5.
This would indicate that the coastal boundary has an insignificant
effect on the Ekman layer for values of £ such that £ > 3.5. With
the horizontal scale D, = 14 kilometres, this means that for distancesn
greater than 50 kilometres offshore, the coastal barrier is hardly felt.
The Ekman layer suction velocity is the vertical velocity at the
lower edge of the Ekman layer. It is an important quantity because
it indicates how much fluid is pumped into the surface layer from the
return layer. The equation for the Ekman layer suction velocity
is given*by equation 2.43, and its graph is shown in figure 4.4.
The maximum vertical velocity occurs at £ = 0 where the velocity is 
t _ 2
1.4 x -10 cm/sec. From £ = 0 the suction velocity decayspfK o h
exponentially with £ and attains the value of zero at £ = 1.5.
Between £ - 1.5 and £ = 4.5 the Ekman layer suction velocity is 
negative indicating that downwelling is taking place to a small degree
at the coast
u(0, z) = u£(z) - q(0, z) = 0 •
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in this region. The peak value in the downwelling region is w (2.25) =
T s
nf n = -7 x 10 cm/sec.
* o  h
The conditions imposed on the Ekman layer at C = 0 are in fact, imposed 
at the outer edge of the thin adjustment layer mentioned in section 2.8.
4.2 The Adjustment Layer
The purpose of the adjustment layer is to bring the vertical velocity 
at the coast to zero. In section 2.8 it was shown that the width of the 
adjustment layer was of the order of the depth at the coast H(0).
However, for an ocean of constant depth, no shelf region exists, and so 
H(0) is replaced by H .
The equation for the vertical velocity in the adjustment layer is 
given by equation 2.67. Figure 4.5 shows the vertical velocity profiles 
for several values of z/H^. From figure 4.5 it is seen that the vertical 
velocities increase quite rapidly from their value of zero at the coast, 
to their asymptotic value
w(°°, z) = w (0) . (1 + z/H ),s w
which matches the vertical velocities at the beginning of the return layer.
As discussed in section 2.8, a detailed study of the adjustment 
layer is not required, since it adds very little to the upwelling 
circulation.
4.3 The Return Layer
As outlined in section 2.9, the velocities in the return layer take . 
on a special form when the depth is constant. With the depth of the 
ocean expressed as h(£) = 1, the velocities for the return layer are
T r T T
u = —^ — e {—^ cos £ + sin £},T_ T TO 0 o
and Tx -€ TV x̂v = - —---e {-— • sin £ - cos £} .
Figure 4.6 Offshore velocity in the return layer u(£), for 
an ocean of constant depth.
Figure 4.7 Longshore velocity in the return layer v(£), for
an ocean of constant depth.
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Figure 4.6 and 4.7 show the velocity profiles for u(£) and v(£) 
respectively.
From figure 4.6 the offshore velocity is seen to have a 
x
maximum o f  -  .77 -f-g; -  -7.7 x lO-2 cm/sec at 5 = 1.4. This
0 T ,
represents an overshoot of the asymptotic velocity of -.6— -—  - -6 x 10~^pf H°°
cm/sec by 28%. The negative sign indicates that the fluid is moving 
towards the coast in the return layer in an effort to compensate 
the offshore transport in the surface layer. The value of ti(£) is 
within 5% of its asymptotic value at C = 3.
Away from the effects of the coastal boundary, the offshore
velocity for the return layer is — / ----—  = — 2—x pf H*» pf H® ‘ o ^ o  K o
' T T
The mass transport will be _ _ Z _  . pHœ = -f-, which exactly
p o »  o
compensates the offshore transport in the Ekman layer given by equation
1.11 as -x /f (or x /f). y o y
In figure 4.7, the longshore velocity has a maximum of
To _2
•835 _ — —8.35 x 10 cm/sec at £ — 3.0. This representspf Hoc o an
overshoot of the asymptotic velocity of -.8 -2pf H 
^  O oo
- -8 x 10 cm/sec
by 4.4% which is considerably less than the overshoot for the offshore 
velocity. The negative longshore velocity indicates that the fluid 
is travelling in the direction of the longshore wind stress component 
which was assumed to be blowing from the north. The longshore motion 
in the return layer moves to compensate the longshore Ekman transport 
in the surface layer. The longshore velocity is within 5% of its 
asymptotic value at Ç = 2.0.
As explained in section 2.3, there is no net transport in the 
longshore direction for an ocean of constant depth. There is however,
Figure 4.8 Streamlines in the return layer for an ocean of 
constant depth.
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a longshore transport in the surface layer in a direction opposed to 
the longshore wind stress component^ which is fully compensated by a 
longshore transport in the return layer. The amount of transport in the 
longshore direction for the return layer is given by
My RETURN
T- 0 ~V(£).
o
T0
P f OHoo
0
p v ( £ ) d z  • 4.1
Using equation 2.68, the Mass transport for the return layer 
can be written in the form
My
T[1 + e ^ sin £ - cos £]]
RETURN x
Since this transport fully compensates the longshore transport in
the Ekman layer, then it follows that
T . r  T
M I = —  [1 + e sin £ - cos £]]. 4.2
y ‘EKMAN o x
The streamlines for the return layer, defined by equations 2.51 and 2.52, 
for an ocean of constant depth, are shown in figure 4.8. The streamlines 
follow the flat bottom closely until the coastal boundary is approached. 
Depression of the streamlines starts to occur at £ = 3.5-indicating 
a region of downwelling, while at the coast, where upwelling occurs, 
the streamlines are turned upward, being vertical at £ = 0.
From the graph of the streamlines, and all other graphs in this 
chapter, it is evident that the coastal barrier has little effect on '
the circulations (for an ocean of constant depth) outside a coastal strip 
whose width is given by £ = 3.5. This represents a distance of 50 
kilometres in the model discussed here.
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5._______ UPWELLING WITH BATHYMETRY
The previous chapter dealt with upwelling in an ocean of constant 
depth, and the results of that chapter gave an indication of the effects 
that the coastal barrier had on upwelling. By introducing bathymetry, 
the present chapter will show what effects the continental shelf and 
continental slope have on the upwelling process.
With bathymetry in the model, the equations for the velocities 
take on the rather complicated form given by equations A2.1 and A2.2.
It can be seen from these equations that the term £ - becomes an 
important factor in the fluid motion. This term represents the 
horizontal distance of the fluid from the bottom profile as shown 
in figure 2.2. The term contains all the "z" dependence in the 
equations A2.1 and A2.2 and so can be used to indicate depth. With 
bathymetry, the offshore pressure gradient is no longer constant and 
takes the form given by equations 2.13 and 2.48.
Significant changes in the circulation of the return layer occur 
due to the bathymetry. The streamlines are turned upwards in the 
region just seaward of the shelf break, as well as at the coast, 
indicating upwelling in these two regions. The onshore velocity 
shows a considerable increase in magnitude over the shelf region 
and over the shelf break where it exhibits a jet motion close to the 
bottom.
A longshore jet develops in the presence of bathymetry causing a 
net longshore transport in the direction of the longshore wind stress.
5.1 The Changes in the Circulation of the Upwelling Region
Caused by Introducing Bathymetry________ ' _______
The profiles considered in this chapter all consist of separate 
shelf and continental slope sections joined at £ = 1. The gradients
Figure 5.1 Profile 1. (the profile used by Garvine (1973) 
is indicated by the broken line).
Figure 5.2' The curve fit arising from matching ip(£, 0) with *
for profile 1 (ip^CO is the broken line) .
Figure 5.3 Graph of the offshore pressure gradient term 
F(£) for profile 1.
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ths shelf and slope sections can be varied to produce profiles with 
different shapes.
The first profile considered is isimilar in shape to the profile 
used by Garvine (1973) and will be referred to as profile 1.
Figure 5.1 shows profile 1 with Garvine*s profile superimposed with 
a dotted line.
As mentioned in section 2.7, the velocities of the return layer are
known in terms of the coefficients "c " which arise from the Fouriern
sine series approximation for the offshore pressure gradient
= A +f(x))
3x pgH°° 5.1
N
where F(Ç) = F(0) ~ [ 1 + I c s i n ],LI - h(0;J __ n an—i
and £ = —  . 
uh
Twelve coefficients were used for the expansion of F(£) for
all the profiles considered in this chapter. These coefficients 
were evaluated by satisfying condition 2.55 using a least squares 
curve fit. Figure 5.2 shows the curve fit resulting from profile 1, 
with the dotted line being the graph of the original function for 
the curve fit. Figure 5.3 shows the graph of F(£) for profile 1 
resulting from the coefficients obtained in the curve fit.
For all the profiles considered in this chapter, sixteen points
were used for the curve fit, these points being spread over
0 <  £ <  13 with a closer distribution of points in the region
0 «  £ < 4 .  The least squares error arising from the curve fit was,
-4 -4in all cases, in the range of 4 x 10 to 6 x 10 .
Figure 5.4 Streamlines (ip = 0, .12, .24, .36, .48, .6) 
in the return layer of profile 1.
Figure 5.5 Streamlines in the return layer of Garvine's profile.
1
N>
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Once the coefficients c^ have been determined, the solution for the 
fluid motion is known completely. The streamlines - 0, .12,
.24, .36, .48, .6 for profile 1 and Garvine's profile, are shown in 
figures 5.4 and 5.5 respectively. The maximum value of the stream 
function is .77. This value is imposed on the solution by condition 2.55 
(see figure 5.2), as a necessary boundary condition between the upper 
Ekman layer and the lower return layer. Thus all profiles considered 
here will have the same maximum value of the stream function.
The streamlines in graphs 5.4 and 5.5 are very similar as 
would be expected due to the similarity of profile 1 and Garvine's 
profile. The fact that the two graphs are similar, indicates that 
the joining mechanism used to connect the shelf and slope section 
of profile 1 does not effect the solutions; only the actual shape 
of the profile will influence the fluid motion.
The streamlines for profile 1 in figure 5.4 are turned downward 
in the vicinity of £ = 7 at the foot of the continental slope. This 
indicates that downwelling is occurring in this region. The 
streamlines are turned upward in the region just seaward of the 
shelf break and again at the coast indicating upwelling.
Figure 5.6 shows the isotachs for the vertical velocity for
profile*1. Downwelling is indicated by negative values for the
isotachs. The maximum downwelling velocity occurs in the region where
T
the streamlines are turned down and has a value of -.05 p~£~ p" ~ ”3.6
-4 oh
x 10 cm/sec.
A maximum upwelling velocity occurs at £ = 3.2, z = .29 which
is close to the bottom profile and seaward of the shelf break. Here
T
the value of the vertical velocity is + .34 p ■ - 2.4 x 10 cm/sec.
P o h
- 56 -
T .
The maximum upwelling velocity is 1.4 — -—pf D. o h
and occurs at the top of the return layer at the 
This is the Ekman layer suction velocity at £ = 1 
all profiles considered.
= 10 cm/sec 
coastal boundary, 
and is the same for
Figure 5.7 shows the isotachs for the offshore velocity for the 
return layer. The negative signs on the isotachs indicate that the 
velocity is directed towards the coast. For discussion purposes, 
the negative offshore velocities will be referred to as onshore 
velocities.
For values of z : O - ^ z ^ . 2  the velocities are constant with 
depth. This is because the z dependence is contained in the parameter 
which measures the dimensionless distance of the bottom profile 
from the coast, and for values of z between 0 and .2, the parameter 
is zero.
At the top of the return layer the maximum onshore velocity is 
u =-3.6 at C = 1-2 representing a velocity of 3.6 x 10 ^ cm/sec 
towards the coast. This value is approximately five times the maximum 
value of u given for the case when no bathymetry is present as shown 
in figure 4.6. This result could be expected as a consequence of the
'O '
mass flow constraint u dz = 0.
-K >
As the depth decreases, the onshore velocity must increase to
compensate the offshore flow in the Ekman layer. From £ = 1.2^ -2moving seaward, the onshore velocity decreases to u = -1.8 x 10 cm/sec
at £ = 4.75 representing a considerable undershooting of the asymptotic 
-2value of -6 x 10 cm/sec. It is shown later that the bathymetry 
has a significant effect on the region where u undershoots its
Figure 5.8 Isotachs for the longshore velocity v ( Q  in the 
return layer of profile 1.
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asymptotic value. In figure 5.7, the isotach u = -.6 consists of 
an unbroken line and a dotted line which are assumed to join at a point 
further out to sea. The dotted line was drawn because the position 
this line was found to be sensitive to small errors in the Fourier 
approximation for the offshore pressure gradient.
• A significant feature of figure 5.7 is the existence of an onshore 
jet lying close to the bottom as indicated by the isotachs u = -3, -3.6, 
”4.7. The maximum onshore velocity for the return layer is -4.7 x 10 ^ 
cm/sec occurring at £ = 2.2, z = .23 which is close to the bottom profile 
seaward of the shelf break.
The increase in onshore transport caused by the onshore jet is
compensated by the region bounded by the isotach u = -.5 in which a
considerable decrease in onshore velocity occurs. The minimum onshore
-2velocity occurs at £ * 5, z = .21 where it has a value u = -1.2 x 10 
cm/sec.
The isotachs for the longshore velocity v, for the return layer of 
profile 1, are shown in figure 5.8. The longshore velocity increases
t
from a value of zero at the coast to a maximum of -11.65 at £ = 2 
representing a velocity of 1 cm/sec in the direction of the longshore 
wind stress.
In the vicinity of X  - 2 there exists a longshore jet which 
contributes greatly to a net longshore transport. From £ = 2 
the longshore velocity decreases to its asymptotic value as
oo. However, numerical calculations were restricted to 0 < E, < 13 
and so the asymptotic value of 0 could not be included in figure 5.8.
Comparing the isotachs in figure 5.8 with the longshore velocity 
in the absence of bathymetry shown in figure 4.7, it is clear that there
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has been a large increase in longshore velocity. This can be 
attributed to an equally large increase in the offshore pressure 
gradient.
For an ocean of constant depth H^, the offshore pressure gradient 
. 3n Twas shown in chapter 2 to be *r— = — which is a constant.
dx PSHoo
With the introduction of bathymetry the offshore pressure gradient 
is given by equation 5.1. Since v and the offshore pressure gradient 
are directly related by
x a2û 
af2- »“ V = - f -  + F(0 - %
it is not surprising to find that v has a maximum value in the same region
that the maximum for F(£) occurs. Figure 5.3 shows that F(£) has a 
maximum of 11.1 at ^ = 1.8.
Associated with the longshore velocities, is the distribution
of longshore mass per unit width given as M^. In the Ekman layer the
longshore mass flux is given by equation 4.2. When bathymetry is absent,
the longshore mass flux for the return layer balances that of the
Ekman layer, thus producing no net longshore mass transport. In the
presence of bathymetry the return layer generates more longshore
transport than the Ekman layer thus producing a net longshore mass
flux. Figure 5.9 shows the dimensionless longshore transport per
unit width M f /t for the Ekman layer, the return layer, and the net y o o
value. From figure 5.9 it can be seen that the return layer generates 
approximately three times the amount of longshore mass transport that is 
generated in the Ekman layer.
as
The dimensionless total net longshore mass flux T can be calculated
Ty ' f  / t d £ .J  y o o s
o
5.2
<N
Figure 5.10 Profile 2. (profile 1 is indicated by the 
broken line). •
<N
Figure 5.12 Streamlines for profile 2.
Figure 5.13 Dimensionless longshore transports per unit width
for profile 2.
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For profile 1 the value of is approximately -21 representing
a net mass transport in the direction of the longshore wind stress
DhT nof -21— - 0 s; 2.9 x 10 gm/sec.
o
By comparing the diagrams shown in this section with the diagrams 
of chapter four, it is apparent that the bottom topography has a 
considerable effect on the circulation in an upwelling region. The 
following section will show the effects that variations in the gradient 
of the shelf and continental slope have on the upwelling motion.
5.2 The Effects of Variations in the Gradient of the Continental
Shelf and Continental Slope_________________________________
The second profile to be considered is referred to as profile 2 and 
is shown in figure 5.10 superimposed on profile 1. The only significant 
difference between these two profiles is that the shelf section of 
profile 2 has been flattened out.
The graph of F(£ ) for profile 2 is shown in figure 5.11. The 
maximum value of F(£ ) is 11.55 at £ = 1.8, which is a similar value to 
that obtained for profile 1 in figure 5.3. The only appreciable 
difference between figures 5.3 and 5.11 is that the graph in figure
5.3 approaches its asymptotic value faster. This is because profile 1 
approaches its asymptotic value faster than profile 2 as shown in 
figure 5.10.
The streamlines for profile 2, shown in figure 5.12, show no 
significant difference to those of figure 5.3 in either the shelf 
region or the continental slope region. This indicates that the 
decrease in gradient of the shelf section of profile 2 has not had 
any appreciable effect on the onshore velocities or the vertical velocities
Figure 5.13 shows the graphs of the dimensionless longshore
Profile 5.14 Profile 3. (profile 1 is indicated by the 
broken line).
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transports per unit width. From figure 5.13, the longshore 
transport for the return layer of profile 2 approaches its asymptotic 
value slower than in figure 5.9 as a result of the way F(^) approaches 
its asymptotic value in figure 5.11.
From the results of profile 2, it appears that when the shelf width 
is small compared to the width of the continental slope, the gradient 
of the shelf has little influence over the motion. It will be shown 
later that if the shelf width is a substantial part of the profile then 
the gradient of the shelf does become an important factor in the fluid 
motion.
The next profile considered has the same shelf structure as profile 1, 
but the gradient of the continental slope has been increased. Apart 
from making the continental slope steeper, an increase in gradient 
of the continental slope enables the profile to reach its asymptotic depth 
quicker, and in doing this, makes the shelf section a larger portion 
of the whole profile. Profile 3 is shown in figure 5.14 superimposed 
on profile 1.
The graph of F(£) for profile 3 is shown in figure 5.15. It . 
approaches its asymptotic value faster than the previous two 
cases in figures 5.11 and 5.3. The maximum value of F(£) for 
profile 3 is 9.2 which is significantly smaller than the maximum of 
the previous two cases.
The steepness of the continental slope of profile 3 causes a 
reduction in the cross sectional area occupied by the profile, causing 
a reduction in the size of F(£). By equation 5.1, a reduction in F(£) 
must cause a reduction in the offshore pressure gradient.
Figure 5.16 Streamlines for profile 3.
Figure 5.17 Dimensionless longshore transports per unit width 
for profile 3.
Figure 5.18 Profile 4. (profile 1 is indicated by the 
broken line).
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The streamlines for profile 3 shown in figure 5.16 are steeper 
than the streamlines of profile 1 in the region above the continental 
slope. The streamlines tend to follow the lower boundary and so it would 
be expected that the streamlines would be steep in areas where the 
profile has a large gradient. The steep streamlines indicate that 
the upwelling velocities above the continental slope would be larger than 
those of profile 1.
The maximum onshore velocity for profile 3 is -4.17 x 10_1 
cm/sec, which is significantly smaller than the figure given for 
profile 1. Also the minimum onshore velocity of -1.7 x 10” cm/sec 
which occurs in the region where undershooting of the asymptotic 
value occurs, has an extremely small value.
A considerable decrease in the longshore transport occurs with 
profile 3. Figure 5.17 shows the dimensionless longshore transport 
per unit width for profile 3. Using equation 5.2 the total net longshore 
transport for profile 3 is approximately 1.9 x 1 0 ^  gm/sec which is 
about 2/3 of the amount obtained from profile 1.
The decrease in net longshore transport associated with profile 3 
is due to the reduction in size of the offshore pressure gradient. The 
offshore pressure gradient drives the longshore velocity, hence a 
reduction of the offshore pressure gradient will reduce the longshore 
velocity and so reduce the longshore transport.
The last profile considered in this chapter, is profile 4 which is 
shown in figure 5.18 superimposed on profile 1. Profile 4 differs 
from profile 1 in both the shelf and slope sections. The shelf section 
has had a decrease in gradient and the continental slope has had an 
increase in gradient. The overall effect is that the change in gradient
N>
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experienced by the fluid when moving from the continental slope 
to the shelf, is larger for profile 4 than with previous profiles.
The streamlines associated with profile 4 are given in figure 
5.20. Above the continental shelf and the shelf break, the streamlines 
appear similar to those of profile 3 in figure 5.16. It is seaward 
of the shelf break that a difference in the streamlines of profile 
3 and profile 4 can be seen. The streamlines of profile 4 are turned 
down very steeply around £ = 6, and the reason for this is the 
presence of a small cell structure at £ = 4. Since profile 3 and 
Pro^^-e ^ differ only in the gradient of the shelf section, it is 
evident that the gradient of the continental shelf influences the 
presence of the cell structure in figure 5.20.
The isotachs for the vertical velocity for profile 4 are shown 
In figure 5.21. A comparison can be made with the vertical velocities 
of profile 1 in figure 5.6. The vertical velocities at the top of the 
return layer are the same for both profiles due to the boundary 
conditions imposed between the return layer and the Ekman layer.
Above the slope section the maximum upwelling and downwelling 
velocities for profile 4 are .
T
.41 0
pf Du K o h
-3
- 2.9 x 10 cm/sec and -.07 pf D, o h
-4- -5 x 10 cm/sec
both of which are significantly larger than those of profile 1. As would 
be expected, the isotach w = 0 passes through the troughs of all the 
streamlines and through the centre of the cell structure in figure 5.20.
Figure 5.22 shows the isotachs for the onshore velocity in the return 
layer for profile 4. The maximum onshore velocity is -4.45 x lO^1 cm/sec 
and occurs close to the bottom just seaward of the shelf break. This 
value is significantly larger than that of profile 3 indicating again
Figure 5.24 Dimensionless longshore transports per unit width 
for profile 4.
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that the gradient of the shelf is effecting the circulation. The 
minimum onshore velocity of +6 x 10 cm/sec is a velocity in the 
offshore direction. In fact, in the region bounded by the isotach 
u - 0.0, all the fluid is moving offshore. This offshore flow in the
r°return layer is a result of the mass flow constraint u dz = 0.
. “H
It is apparent from figure 5.22 that the onshore jet which develops
close to the bottom of the continental slope generates excess onshore 
transport requiring an offshore transport in excess of that provided 
in the Ekman layer.
The graphs of the longshore velocity and longshore mass transport 
for profile 4 are shown in figure 5.23 and 5.24. The longshore 
transports are the same as those for profile 3 indicating that the 
shelf shape has had no effect on longshore velocity. The longshore 
velocities in figure 5.23 can be compared with those of figure 5.8 
for profile 1. The differences between the two graphs are caused 
mainly by the gradient of the continental slope.
The results given for the four different profiles can be summarised as 
follows:
The fluid motion above the shelf section is not effected to any 
significant amount by variations in the gradient of the shelf or the 
continental slope. The coastal boundary and the boundary between the 
Ekman layer and the return layer are the major influences of 
motion $bove the continental shelf.
The motion near the shelf break and above the continental slope can 
be effected by variations in the gradient of the shelf and the 
continental slope.
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The longshore velocity and hence longshore transport is 
governed by the gradient of the continental slope. The steeper 
the continental slope, the faster the profile reaches its 
asymptotic value and the smaller the area occupied by the profile.
The offshore pressure gradient, which drives the longshore velocity, 
is dependent on the cross-sectional area of the profile. A reduction in the 
cross-sectional area of the profile, reduces the offshore pressure gradient 
and hence reduces the longshore velocity and transport. Since variations 
in the gradient of the shelf section have little effect on the 
cross sectional area of the profile, they therefore have little effect 
on the longshore motion.
The streamlines tend to follow the shape of the bottom profile, 
and as a result of this, steep streamlines are found in the- presence 
of a steep continental slope. Steep streamlines have the effect of 
increasing the vertical velocity and decreasing the onshore velocity.
The gradient of the continental shelf has a significant effect 
on the vertical velocity and onshore velocity in profiles 3 and 4.
However, with profiles 1 and 2 where the shelf section is only a 
small part of "the total profile, the effect of the shelf is negligible.
The maximum velocities of u and w appear close to the bottom and 
seaward of the shelf break. From the graphs of profile 1 and profile 4, 
it is apparent that when the transition from the continental slope to the 
shelf involves a large (but continuous) change in gradient, the 
maximum velocities are found further up towards the shelf break.
Frequent mention of the term "shelf break" has been made.
However it is stressed that the term "shelf break" is only used to make 
reference to that part of the profile where the continental slope starts
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to flatten out and the shelf section begins. The fluid motion 
and the profiles themselves are all perfectly continuous at the shelf 
break. If it were possible to produce profile 4 using one equation of 
the required form (i.e. a sum of exponentals), for both the shelf and 
slope sections, then the same results would be obtained. This point 
is verified by the comparison made between profile 1 and Garvine's 
profile in section 5.1.
Chapter six examines the effects of making the shelf section a more 
prominent feature of the bathymetry, and also examines the cell structure 
which developed with profile 4.
6>
Figure 6.1 Profile 5 with a scaled shelf width of two.
(profile 1 is indicated by the broken line).
Figure 6.3 Streamlines ij = 0, .12, .24, .36, .48, .6 in the
return layer of profile 5.
Figure 6.4 Isotachs for the vertical velocity in the return
layer of profile 5.
Figure 6.5 Isotachs for the onshore velocity in the 
return layer of profile 5.
Figure 6.6 Isotachs for the longshore velocity in the
return layer of profile 5.
Figure 6.7 Dimensionless longshore transport per unit width 
for the Ekman layer, return layer and the net 
value for profile 5.
Figure 6 . 8  Profile 6 . (profile 5 is indicated by the 
broken line).
Figure 6.10 Streamlines for profile 6 .
Figure 6.11 Isotachs for the vertical velocity for profile 6.
Figure 6.12 Isotachs for the onshore velocity for profile 6 .
Figure 6.13 Isotachs for the longshore velocity for profile 6.
Figure 6.14 Dimensionless longshore transports per unit width 
for profile 6 .
Figure 6.15 Profile 7. (profile 5 is indicated by the 
broken line).
Figure 6.18 Isotachs for the vertical velocity for profile 7.
8 to 1 2
Figure 6.20 Isotachs for the longshore velocity for profile 7.
Figure 6.21 Dimensionléss longshore transports per unit width 
' for profile 7.
Figure 6.22 Profile 8 . (profile 5 is indicated by the 
broken line).
8
1
IO» 1ai
Figure 6.25 Isotachs for the vertical velocity for profile 8.

»
Figure 6.28 Dimensionless longshore transports per unit width 
for profile 8 .
Figure 6.29 Vertical profiles of the onshore velocity for 
the return layer for values of £ = 4, 5, 5.75, 
over profile 8 .
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CHANGES IN THE CIRCULATION OF THE UPWELLING REGION 
6 »________CAUSED BY INCREASING THE SHELF WIDTH_______________
In the previous chapter the scaled shelf width was one, making 
the shelf a small part of the profile. On many coastlines, the 
shelf section would be larger than indicated in chapter 5 , and so 
this chapter will consider the motion over profiles whose scaled shelf 
width is two.
Due to the longer shelf sections of the profiles in this chapter, 
the Fourier sine series used to approximate the offshore pressure 
gradient required sixteen coefficients instead of twelve. The sixteen 
coefficients gave a very accurate result, with the boundary condition 
given by equation 2.55 being approximated with a least squares error 
of no'more than 2.5 x 10 ^ for all the profiles considered in this 
chapter.
The numerical calculations for the profiles used in this chapter, were 
taken over the interval 0 < £ <  15. However, to be consistent with 
chapter 5, the graphs in this chapter only show results on the interval 
0 <  E 4 13.
The four profiles considered in this chapter are labelled profile 5,
6 , 7 and 8 . They are constructed so that they are similar in shape to 
profiles 1, 2, 3 and 4 of chapter 5 but having a shelf width of 2.
The graphs shown in figures 6.1 to 6.29 give information about the 
fluid motion over these profiles. The graphs will not be discussed 
individually as in the previous chapter, but will be referred to in 
a general discussion of the fluid motion.
The motion in the longshore direction is influenced mainly by the 
offshore pressure gradient, and the offshore pressure gradient is 
determined by the bathymetry. Figures 6.2, 6.9, 6.15 and 6.23 show
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the graphs of F(£) for the four profiles considered in this chapter.
The graphs of F(^) are again influenced mainly by the steepness ̂ f 
the continental slope, but unlike in chapter 5 the gradient of the 
continental shelf can be seen to affect the value of F(£). The pressure 
gradient is greatest for profile 6 where its maximum value is 16.2, 
as shown in figure 6.9. Profile 6 has a flat protruding shelf 
followed by a long continental slope. Increasing the gradient of either 
(or both) the shelf or continental slope causes a decrease in the 
magnitude of F(£). The offshore pressure gradient is smallest for 
profile 7 where the continental shelf and slope sections are steep.
For this profile the maximum value of F(£ ) is 11.7 and it decreases 
quite rapidly to the asymptotic value of zero as shown in figure 6.16.
The longshore velocity, being directly related to F(£). is also 
greatest for profile 6 and least for profile.7 , with longshore jets 
occurring above the shelf break. This is shown in figures 6.13 and 6.20 
while the isotachs for the longshore velocity for profiles 5 and 8 are shown 
in figures 6 . 6  and 6.27 respectively. .
Graphs for the dimensionless longshore transport per unit width for
profiles 5, 6 , 7 and 8 are given in figures 6.7, 6.14, 6.21 and 6.28.
The net mass transport in the longshore direction for both profile 5
and profile 6 is approximately - 27 -jp- =: 3.8 x 10 gm/sec, and
for both profile 7 and profile 8 approximately - 18 Dh -p- - 2.5 x 10 ^
o
gm/sec. These figures suggest that the major influence on longshore 
motion is the gradient of the continental slope as was found in chapter 5 .
The changes that have occurred in the longshore motion due to 
increasing the shelf width from 1 to 2 are due to an increase in the 
value of F(^) which causes an increase in v and hence an increase in 
longshore transport. Extending the shelf, pushes the profile further
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out to sea and in so doing, increases the offshore pressure gradient.
It should be noted that the maximum longshore velocity for profile 6 T
was —16.8 jj - -1.7 cm/sec whereas for chapter 5 the maximum longshore 
K o 00
velocity was obtained with profiles 1 and 2 with a value of T
-11.65 ~pf H ^ o 00
- -1 . 1  cm/sec.
The graphs of the isotachs for the onshore velocity u for 
profiles 5, 6 , 7 and 8 are given in figures 6.5, 6.12, 6.19 and 6.26.
All four profiles show a maximum onshore velocity close to the bottom in 
the vicinity of the shelf break, with an onshore jet developing over the 
continental slope which in some cases, extends over the shelf.
By comparing figure 6.12 with 6.26 and comparing figure 6.5 with 
6.19, it is clear that changes in the continental slope do not affect 
the onshore velocity above the shelf. The onshore velocity above the 
shelf is determined mainly by the coastal boundary and the gradient 
of the shelf. A steeper shelf structure means that the depth increases 
faster than would be the case of a flat shelf. Due to the mass
f °flow constraint u dz = 0 , a steeper shelf is accompanied by a decrease 
-H'
in onshore velocity. This fact can be seen by examining the shelf regions 
of figures 6.5 and 6.19 and comparing them to the shelf regions of figures 
6 . 1 2  and 6.26.
Another important influence which the shelf has on the onshore 
motion is the control of the onshore jet. From the four diagrams mentioned 
above, it is clear that a flat shelf structure restricts the onshore 
jet to the continental slope, whereas with a steep shelf section, the 
onshore jet extends over part of the shelf region.
The onshore motion above the continental slope consists of two main 
features, the onshore jet, and the cell structure above the jet in which
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the onshore velocity undershoots its asymptotic value. From the 
isotachs of the onshore velocity it is apparent that if the bathymetry 
has a steep continental slope, as in profiles 7 and 8 , the offshore jet 
structure develops at a position closer to the shelf break. However, 
with a gently sloping continental slope, the onshore jet starts near 
the bottom of the slope and increases as it moves towards the shelf 
break.
The maximum onshore velocity for the four profiles considered 
was -6.7 x 10 1  cm/sec occurring with profile 6 (see figure 6.12), 
close to the shelf break. The profile with the smallest maximum was 
profile 7 with an onshore velocity of -5.1 x 10 ^ cm/sec.
In the vicinity of £ = 5, the isotachs for the onshore velocity 
show that a region exists where the onshore velocity undershoots its 
asymptotic value to such an extent that in the case of profiles 
6 , 7 and 8 , the velocity has changed sign. This change of sign indicates 
that there is a cell structure bounded by the isotach u = 0 , in which 
the fluid is moving offshore. The behaviour of this cell structure 
is determined by the volume of water transported onshore by the onshore 
jet. The cell structure exists because the onshore jet transports 
excessive fluid in the onshore direction so that the Ekman layer 
alone cannot supply sufficient offshore transport to maintain the mass
'O
flux constraint u dz = 0 .
-HJ
By comparing the isotachs for the onshore velocity in figures 
6 .5 , 6 . 1 2  and 6.26, it is possible to see why the circulation cell 
occurs. In figure 6.12 the flat shelf structure pushes the 
onshore jet off the shelf and in doing so, changes the shape of the 
isotachs.
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The isotachs in figure 6.12 appear to be "bent and buckled" in the 
region £ - 5. The result of this is a longer vertical cross section 
through the isotachs and so an increase in onshore transport. The 
increase in onshore transport cannot be compensated in the Ekman layer 
because the Ekman layer motion is independent of the motion in the return 
layer. This means that the excess onshore transport has to be 
compensated by an offshore transport above the jet structure. In 
figure 6.26 where the profile has both a flat shelf and a steep 
continental slope, the isotachs are further "bent" and are quite 
steep, around £ = 5. This profile has the largest cell structure due 
to the excessive onshore transport.
Figure 6.29 shows three vertical profiles of the onshore velocity 
over profile 8 for offshore distances of £ = 4 , £ = 5 , £ = 5 .7 5 .
The total area under each curve is equal to the onshore transport for 
that particular value of £. The significance of the onshore jet is 
clearly visible. The amount of water transported onshore depends on 
the width of the jet as well as the magnitude of the velocity inside
A  /\the jet. The onshore transport for £ = 5 from z = . 6 to z = .23, 
exceeds the offshore transport in the Ekman layer, hence between 
z = .23 and z = 0 an offshore flow must occur in the return layer.
The streamlines for the profiles 5, 6 , 7 and 8 are given in figures 
6.3, 6.10, 6.17 and 6.24. The cell structures discussed above are 
clearly evident due to the presence of the closed oval shaped 
streamline ip = .6 . Since the shape of the streamlines above the 
continental slope are similar to those of chapter five, no discussion 
will be made about that region. However, due to the broader shelf 
region the streamlines above the shelf show some differences to those 
given in chapter five. In figure 6.10 the streamlines ip = .48,
.36 and .24 flatten out over the shelf region before they are turned up
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at the coast. In figure 6.22 the streamline ip = ..48 and i|j = .36
are slightly turned down over the shelf. This indicates that with a
flat shelf which is broad enough for the influence of the coast to
be weakened, there exists a region where the vertical velocity is negligible
Graphs showing the isotachs for the vertical velocities are given 
in figures 6.4, 6.11, 6.18 and 6.25. By examining the isotachs near the 
coast ( 0 < £ < 1 ) it is clear that bathymetric changes effect the 
"near coast" region very little and that the major influence in this 
region is the coastal boundary.
The bathymetry begins to effect the vertical velocity towards the 
edge of the continental shelf. The change in shape of the isotach 
w = . 1  in this region is of particular interest as it indicates the 
presence or absence of upwelling in the region between the mid-shelf 
and the shelf break. A decrease in vertical velocity is observed in this 
region in association with the flat shelf structures of profiles 6 and 8 
(see figures 6.11 and 6.25).
The profile with the maximum upwelling velocity in the off-shelfT0 _ 2
region was profile 8 with a velocity of .46 ■- p - 3.3 x 10 cm/sec.
P o h
It is of interest that this maximum occurs seaward of the shelf break, as 
some authors believe that the maximum vertical velocity (apart from the 
coast) should be found directly above the shelf break. For example, 
figure 3.1 shows the circulation proposed by Hill and Johnson (1974).
In the case of Hill and Johnson (1974) the profile used had a discontinuity 
in gradient at the shelf break, and vertical velocities of considerable 
magnitude were found in a boundary layer which was placed over the 
discontinuity. No such discontinuities exist in the model presented 
here and the region where the shelf ends and the continental slope 
begins is not regarded as a special part of the profile.
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7. _______CONCLUSION
The previous two chapters discussed the motion of water over 
profiles which differed in the width and gradient of the continental 
shelf and also the gradient of the continental slope. This procedure 
was followed in order to determine what influences the shelf and the 
continental slope had on the circulation in an upwelling region.
The procedure used by Garvine (1973) to examine upwelling over a 
continuous profile was extended to enable the use of profiles which were 
more representative of continental slopes and shelves. The method used 
to join the shelf and slope sections of the profile, and the matching 
procedure used for the velocities, eliminated any possibility of a 
discontinuity occurring in the equations for the fluid motion. The 
shape of the profiles alone, and not the matching mechanism, was 
responsible for the differences in circulation obtained from each of 
the profiles studied.
From the graphs and discussions in chapters five and six, the 
following conclusions can be made about the effects of bathymetry on the 
circulation in the return layer of an upwelling region.
When the shelf region is small compared to the horizontal 
extent of the profile, the effects of the shelf are overshadowed by the 
effects of the continental slope and the coastal boundary. If the 
shelf section is a significant part of the profile, then the shelf can 
be seen to have a considerable effect on the circulation.
The longshore motion is strongly influenced by the offshore pressure 
gradient. The offshore pressure gradient is influenced by the gradient 
of the shelf and also the speed with which the continental slope 
approaches its asymptotic value, having its largest value with profile 6
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which had a flat protruding shelf and a long continental slope. The 
cross sectional area of the profile was a deciding factor in the size 
of the offshore pressure gradient, and so the steepness of the
continental slope appeared to be the major influence of the longshore 
motion.
The onshore velocity was also affected by both the shelf and the 
continental slope, with the maximum onshore velocity occurring with 
profile 6 in the vicinity of the shelf break. The role of the shelf 
and continental slope in determining the transport in the onshore jet 
was discussed in chapter 6 . Excess onshore transport above the 
continental slope necessitated an offshore flow in the return layer 
to maintain the onshore mass flux constraint.
Vertical velocities were found to be largest with profile 8 which 
had a flat shelf and a steep continental slope. Maximum upwelling 
velocities were found at the coast and near the bottom at a position 
which was significantly seaward of the shelf break.
The restriction that the depth of the bathymetry should always 
be very much greater than the depth of the Ekman layer means that 
the coast must have a step at £ = 0. As a consequence of this, the isotachs 
for the horizontal velocities have abrupt changes at the depth z = .2 . 
Ideally, the depth of the profile should move rapidly up to zero at 
the coast. This would only have a significant effect on the fluid 
motion near the coast and would not alter the pattern of fluid described 
in chapters five and six. It would however smooth out the isotachs at 
2 = .2 .
Finally, a remark is necessary on the magnitude of |F(£)|. As a 
consequence of the scale analysis used to derive the equations in the Ekman
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and return layers, it is required that |f (£)| «  It is
therefore important to prevent F(£) from becoming too large. The 
maximum value of F(£) for profile 7 was 16.4. If values of F(£) 
larger than 16.4 are to be considered, the alterations to the Ekman 
layer would be necessary. However, alterations to the Ekman layer only 
effect the return layer through the boundary condition 2.55. It has been 
found that small variations in this boundary condition do not greatly 
effect the horizontal or vertical velocities.
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APPENDIX 1 
List of Symbols
X Offshore distance, positive easty Longshore distance, positive north
z Vertical distance, positive upwards
u Offshore velocity
V Longshore velocity
w Vertical velocity
f The Coriolis parameter (negative in the southern hemisphere)
fo Absolute value of f, f = Iff
p Density
g Acceleration of gravityn - Elevation of the free surface -
p Pressure
pa Pressure at the free surface
P* Non-hydrostatic component of pressure in the adjustment layer
FX x-component of frictional fojce per unit mass
Fy y " " "
FZ
_ It II Hz
AV Vertical coefficient of eddy viscosity
Horizontal " "To Magnitude of the wind stress
TX
Offshore component of wind stress
Ty Longshore " "
MX Offshore mass transport per unit width
My Longshore " "
H Depth of bottom topography
Hoo Asymptotic value of H
Dh
Horizontal scale for the Ekman layer and return layer
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Dw
Dv
c
F(C)
z
"e
u
V
VEq
Az
"r
Au
V
*
h
a
NS
p(i)
r(i)
NO
s(i)
t(i)
iJ/*
Horizontal scale for the adjustment layer
Vertical scale for the Ekman layer
Dimensionless offshore distance, £ = x/D,n
Dimensionless distance of the bottom profile from the coast
Approximation term for the onshore pressure gradient
Dimensionless depth in the Ekman layer, z = -z/D•
Characteristic velocity in the Ekman layer
Dimensionless offshore velocity in the Ekman layer
" longshore " "
Dimensionless offshore velocity in the Ekman layer 
far from the coast
" longshore " ”
Alteration to the dimensionless offshore velocity 
caused by the coastal barrier
Ekman layer suction velocity
Stream function at the lower edge of the Ekman layer 
Dimensionless depth of the return layer, z = -z/H 
Characteristic velocity in the return layer 
Dimensionless offshore velocity in the return layer 
" longshore " "
Stream function for the return layer 
Dimensionless depth of the bottom profile, h = H/H^
Decay scale for the bathymetry 
Number of exponental terms used to represent
Parameter used for the continental shelf
II H »
Number of exponental terms used to represent hgLOPE* 
Parameter used for the continental slope.
ii ii »»
Stream function for the adjustment layer.
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APPENDIX 2
Horizontal Velocities in the Return Laver
A2.1 The offshore velocity u(C, E ) for 0 <  £ <  £ <  SHELF BREAK
T N e s
“(€> C£) = +  F ^ )  + E c  ♦  ©  + SgU(£)
- C J
n=l
T)  Ne cos(5 - 5e) + Fx(y + Z c  $ln (?£) + seu(5e)}
N
+e~(C ‘  V s i n i C  -  y  {- ^  + 61(Ce) + Z c 6 ^ )  + Sgy (S£)}
for 0 4 < SHELF BREAK < %
T N
Cr) = ^  + f ,(£) + I cn <P2na)
0
- v
-(€ - 5J-,
n=l
T N
e •' V c o s ( ?  -  y  + F1(Ce) + £ cn <!>ln (C ) + SBu(?e)>
o n=l
+e Tx Ne sin(C -  C£) {- —  + G . ^ )  + Z  cn 0ln (?  ) + SBy(C )}
0 n=l
for SHELF BREAK 4 4 %
fi(C, V 4 + F 2 ® + V „  *2n(?>
0 n=l
T N
-e"(? “ Vcos(C - E ) {-2-+ F,(E ) + Z c (C )}e t
0
2 e. - n 2n e" n=l
T N
+e_(C “ V s i n C ?  - -r + G,(E ) + Z c 6 (? )}
0
2 , n 2n szn-i
A2.2 The longshore velocity v(%, % ) for 0 4 %  4 £ -4 SHELF BREAK£ £ *
X N<KC, £e) = - 7̂ + GX(C) + z cn eln(?) + sby(?)
o n=l
- e : (?  -  V c o s «  -  V '  {- r + G1(V  + ", cn 9m (V  + s6^ e)}. o n=l
T N
’E^siniC - £ ) {-^ + F1(£ ) + Z cn + S8U ( y }
n=l0
for 0 ^ < SHELF BREAK < £
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v<?, V  - - ^  + g2(5) + ?  cn 02 (C)
O n=l
_(£ _ r ) T N
-e e cos(? -  5 ) { -  f -  + G (£ ) + S c 9 ( ? )  + SBy(E ) }
o n=l -Ln e e
-(E - r > t n
-e e sin(C - E£) + F (€ ) + I c * «  ) + SBU(? )}
o n=l E
for SHELF BREAK < E < £
N
v(?, 5e) - - —  + g2(5) + i cn 9 (0
n=l
-e"(? ' Vcos(? - ?£) {- ̂  + G2(?e) + L  02n(? )}
o n=l
- • - «  - y . «, Tv Ne sin(? - ?£) i / +  V V  + £ 1cn W V }~ n=lo
WHERE
S8U(0 = CLUKO-CONl + CLU2(£).CON2 + CLU3(£).C0N3 -f CLU4(£).CON4 
S8y (0  = CLV1 (£) . CONI + CLV2(0.CON2 + CLV3(£).C0N3 + CLV4(£).C0N4 
S3 = The distance of the shelf break from the coast £ = 0.
GLU1(0 = 
C1LU2(£) = 
CLU3(£) =
CLU4(S) =
* e (? - SB)+ ( r (e _ SB))cos(e - SB)
^ (e ( ? - SB) ~ €r (? - se))sin(C SB)
*4[(e(5 “ s 3) + e'(C Se))sin(e -  SB)
+ (e< 5 -  S3) _■ e - ( ? - SB>)cos(e -  SB)]
is[(e( 5  ‘ S3) + e" ( 5 - S®)sin(e - sb)
- (.<5 -  S3) _■ e-<? - S6))cos(e -  sg)]
CLVl(^) = -h(e^ ~ - e ^  ” S®)sin(£ - S3)
CLV2(Q = %(e(^ “ S3) + e“(^ “ S3))cos(£ - S3) 
CLV3(Q = k[(e^ ~ S0) - e"(^ “ S 3))cos(£ - S3)
- (e(  ̂" S3) + e~(  ̂’ S3))sin(S - S3) ]
CLV4(O = ” S6) - e"(̂  ” S3))cos(̂  - S3)
+ (e(̂  “ S6) + e~(  ̂“ S3))sin(£ - S3)]
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CONI =
CON2 =
CON3 =
CON4 =
N
f2(s3) - FX(S3) + £ cn [̂ 2n(s3) - 4> (S3)]
11= 1
N
g2(S3) -  g1(s3) + z cn [e2n(s3) -  ein(s3)]
N
Ff2(S3) - F' (S3) + Z c [$' (S3) - <J>' (S3) ]
± n=i n ¿n ~ In
N
G'2(S6) -  G' (SB) + Z c re* (SB) -  6- (SB)]r n=i n ¿n In
_ 2F(0) NS 2/n r(i)S
Fl ^  1  -’h(O) f p(i) r^(i) e
_ 2F(Q) NO
p2«> ' £ •«> t2<“  * " 1>ci=l
G (?) = H O ) ____  f  r(i)? r4 (i)
1 V W  1  - h(O) . , p U }  e ---
1=1 r (i) + 4
- 1}
Go ( 0  = ----  £ s(i) ft^(l)____  -,1.
1  - h(O) . , s U ;  e ^ 4 -------  “
i=l t (i) + 4
= i - ¿(0) 2 e [A1 (i,n) sin(n£/a) + B.
yi=l 1
NO t(i) £2F(0)
^2n^^ = i - h(O) .** e [A2 (i,n) sin(n£/a) + B2
em (5) = P
NS
h(°)i=iZ p(i) er ^ [K^(i,n) sin(n£/a) + T^O
NO
d2n(0 = f'l V m  ^  s(i) et(i)c [K0 (i,n) sin(n£/a) + T0(j
h(0)i=l
A 1 (i,n)
A2 (i,n)
«5 ’ n 2 n 2(r2(i) A(i,n) + 2r(i) K  - $ (i,n) f*- l a i a~2-------------------- :--------- — 2-----
[ 7 7  + -G-f (i,n) ] [4r 3(i) - 4r(i) ^r] a l a
2 2
lt2(i) ? 2(l,n) + 2 t(i) ^  - M i . n )a • a~~2 -------------------------- 2------
tr2 + 0 2 2(i>n) ] [4t: 3(i) - 4t(i) 7 7 ].
<* • a
(i,n) cos(nC/a)]
(i,n) cos(n£/a)]
L,n) cos(n£/a)]
,n) cos(n£/a) ]
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B2(i,n)
K^(i>n) 
<2 ( i, n) 
TjU.n) 
T2(i,n)
?2 (i>n)
[2r (i) (£ (i,n)^ + 7V  - r2 (i) -]
[t z * + 2 (i,n) ] [4r3(i) - 4r(i)iîy]
a. ±  3.
[2t(i) <2 (i,n)Ä + 4 -  .t2(i)Ä]_ _______z_____ a a a_ 2 2 
ÍTT + ^2 2 (i»n) ] [4t3 (x) - 4t(i)^y]
[“I + r 2 (i) A1 (i,n) - 7 i A (i,n) - 2r(i) ~  X a 1 a
[-1 + t 2 (i) A 9 (i,n) - ~z A 9 (i,n) - 2t(i) ^  Z a Z a
2
[2r(i) —  A (i,n) + r 2 (i) B (i,n) - — 7  B (i a l  l a i
[2 t(i) ^  A2 (i,n) + t2 Ci) B2 (i,n) - 7^7 B2(i
- 6 ^ 7  r 2 (i) + r^(i) + 4 a______a_____________ ______
4r3(i) - 4r(i) .
ÿ  - 6 ÿ  t»(i) + t“(i) + 4 
4t3(i) - 4t(±) Ka
B1(i,n)] 
B2(i,n)] 
n)] 
n)]
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